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σʔλղੳͱ౷ֶܭ

ኍɹܛ 2019.8.11

1 ͡Ίʹ

ۙɼػցֶश౷ܭղੳͷιϑτΣΞ͕ී͠ٴɼσʔλղੳ͕ۙͳͷʹͳΓ·

ͨ͠ɽ༧ଌਫ਼ͷྗి͍ߴधཁ༧ଌɼΤωϧΪʔࡁܦͷੑ׆Խɾ࠶Τωଅਐͱͭͳ͕

Γ·͢ɽҨࢠσʔλղੳɼපؾͷ༧ଌʹཱͪ·͢ɽ໘ͷԼͷಈ͖Λੳ͢Δ͜ͱ

ʹΑΓɼ൫ͷ͞ߗΛਪఆͰ͖ɼ࠭ࡂͷ༧ଌͱ͕ܨΓ·͢ɽσʔλղੳਓͷʹ

ཱͭ༗༻ͳπʔϧͱͯ͠ɼޙࠓ·͢·͢ඞཁʹͳΔͱ͑ߟΒΕ·͢ɽ

ੈͷதʹ౷ܭղੳख๏ଟ͘ଘ͠ࡏ·͕͢ɼ͋ΒΏΔ౷ܭղੳख๏ͷૅجͱͳ͍ͬͯ

Δͷ͕ɼઢܗճؼϞσϧͰ͢ɽ͜ͷςΩετͰɼઢܗճؼϞσϧͱϞσϧʹؚ·ΕΔύ

ϥϝʔλͷਪఆ๏ʹ͍ͭͯղઆ͠·͢ɽ

2 ઢܗճؼϞσϧ

ճؼϞσϧɼpݩ࣍આ໌มϕΫτϧx = (x1, . . . , xp)T ͔Βతม yΛ༧ଌ͢Δͨ

ΊͷϞσϧͰ͢ɽ͜͜Ͱɼ“AT”ྻߦAͷసஔΛද͠·͢ɽͳ͓ɼxΛ pݩ࣍ͱॻ͖·

͕ͨ͠ɼyΛ༧ଌ͢ΔͨΊͷมͷ͕ p͋ݸΔͱΠϝʔδ͍͚ͯͨͩ͠Δͱ͔Γ͢

͍͔ͱ͍ࢥ·͢ɽͨͱ͑ɼҨࢠσʔλղੳͰɼxͷ֤Ҩࢠɼyපؾͷਐ

ங͢Δ͜ͱʹΑΓɼҨߏϞσϧΛؼʢͨͱ͕͑Μͷେ͖͞ʣͳͲΛද͠·͢ɽճߦ

Δͷ͔ɼ༧ଌͰ͖ΔΑ͏ʹͳΓ·͢ɽ͢ߦͲͷ͘Β͍ਐ͕ؾσʔλ͔Βɼපࢠ

ઢܗճؼϞσϧɼ

y = β0 + β1x1 + β2x2 + · · ·+ βpxp + ε

Ͱද͞Ε·͢ɽ͜͜Ͱɼβ0, β1, . . . , βpύϥϝʔλɼεࠩޡͰɼ ε ∼ (0, σ2)ʹै͏

ͱ͠·͢ɽσ2ࢄύϥϝʔλͰɼࠩޡͷΒ͖ͭͷେ͖͞Λද͠·͢ɽ

զʑɼճؼϞσϧͷύϥϝʔλβ0, β1, . . . , βpͷΛΓ·ͤΜɽͦ ͷͨΊɼ͜ ΕΒͷύ

ϥϝʔλΛσʔλ͔Βਪఆ͢Δඞཁ͕͋Γ·͢ɽ؍ଌ͞Εͨσʔλ {(xi, yi); i = 1, . . . , n}
͔Βਪఆ͢Δํ๏ͱͯ͠ɼ࠷খೋ๏ͱݺΕΔํ๏͕͋Γ·͢ɽ࠷খೋ๏Ͱɼࠩޡ

ͷೋ

S(β) =
n∑

i=1

{yi − (β0 + β1xi1 + β2xi2 + · · ·+ βpxip)}2

1
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ͷ࠷খԽʹΑͬͯύϥϝʔλβ := (β0, β1, . . . , βp)ΛٻΊ·͢ɽ͜ ͜Ͱɼxi = (xi1, . . . , xip)T

Ͱ͢ɽ࣮ࡍɼྻߦͱϕΫτϧΛ༻͍Δ͜ͱʹΑΓɼβͷ࠷খೋਪఆ β̂OLS

β̂OLS = (XTX)−1XTy (1)

ͱཅʹٻ·Γ·͢∗ɽͨͩ͠ɼ

X = (x̃1, x̃2, . . . , x̃n)
T , y = (y1, . . . , yn)

T

ͱ͠·͢ɽ͜͜Ͱɼx̃i = (1,xT
i )

T ͱ͠·͢ʢ“1”ย߲ʹରԠ͠·͢ʣɽ

͜͜Ͱɼ৽ͨͳઆ໌มϕΫτϧx͕ಘΒΕͨͱ͖ɼ͖͞΄Ͳਪఆͨ͠ύϥϝʔλ β̂OLS

Λ༻͍ͯɹ

ŷ = xT β̂OLS

ͱͯ͠ yͷΛʮ༧ଌʯͰ͖·͢ɽ͜ͷ༧ଌɼͲΜͳ pݩ࣍આ໌มΫτϧxʹର͠

ͯద༻Ͱ͖·͢ͷͰɼx͑͞༩͑ΒΕΕ͙͢ʹ༧ଌ͕Ͱ͖ΔΑ͏ʹͳΔͷͰ͢ɽ

ઢܗճؼϞσϧʮສͳπʔϧʯʹ͑ݟ·͢ɽ͔͠͠ͳ͕Βɼ࣮ࡍͦ͏Ͱ͋Γ·

ͤΜɽͳͥͳΒɼઢܗճؼϞσϧɼʮy͕ x1, . . . , xpͷઢ݁ܗ߹ͰۙࣅͰ͖Δʯͱ͍͏Ծ

ఆΛஔ͍͍ͯΔ͔ΒͰ͢ɽ͜ͷԾఆΛຬͨ͞ͳ͚Ε͏·͍͖͘·ͤΜɽ౷ܭͰɼԿΒ

͔ͷʮԾఆʯΛ͓͍ͯɼͦͷԾఆ͕ຬͨ͞Εͨͱ͖ͷཧߏஙΛ͜͏ߦͱ͕ଟ͍ͷͰ͢

͕ɼ࣮ࡍɼͦͷԾఆ͕࣮ݱͰຬͨ͞ΕΔͷ͔Ͳ͏͔Θ͔Βͳ͍͜ͱ͕ଟ͍Ͱ͢ɽ

͔͠͠ɼʮ͜ͷԾఆਖ਼ͦ͠͏ʯͱ͍͏͜ͱΘ͔Γ·͢ɽͨͱ͑ɼσʔλΛϓϩοτ

ͯ͠ઢܗͷؔੑʹ͋ΕɼͳΜͱͳ͘ਖ਼͍͠ͱ͏ͦ͑ݴͰ͢ɽ͞ΒʹɼԾઆݕఆΛ͏

ͱɼʮ౷ܭతʹ͜ͷԾઆ༗ҙʹਖ਼͘͠ͳ͍ʯͱ͍͏Α͏ʹɼ͋ΔԾઆ͕ਖ਼͍͔͠Ͳ͏͔

Λ౷ܭతʹٞ͢Δ͜ͱ͕Ͱ͖·͢ɽͪΖΜɼʮ100%͜ͷԾఆΓཱ͍ͬͯΔʯͱ͍

͏͜ͱ͍͑·ͤΜ͕ɼࣗ৴Λͯͬ࣋ʮਖ਼ͦ͠͏Ͱ͋Δʯͱ͍͑Δͷॏཁͳ͜ͱͩͱࢥ

͍·͢ɽ

·ͨɼԾʹઢܗͰ͋Δͱ͍͏Ծఆ͕ຬͨ͞Εͨͱͯ͠ɼҰൠʹɼαϯϓϧαΠζ͕খ

͘͞ɼෆཁͳઆ໌มͷ͕େ͖͘ͳΔͱɼ༧ଌ͕ࠩޡେ͖͘ͳΔͱ͍͏͕ੜ͡·͢ɽ

3 Lasso

ۙɼઆ໌มͷݸ p૿͖͓͑ͯͯΓɼͨͱ͑ɼҨࢠσʔλͩͱɼp͕ສʹ

ͳΔ͜ͱ͕͋Γ·͢ɽ͜ͷͱ͖ɼ࠷খೋ๏ΛٻΊΔ͜ͱ͕͘͠ͳΓ·͢ɽͨͱ͑ɼ

αϯϓϧαΠζ͕આ໌มͷݸΑΓখ͍͞ͱ͖ɼ͢ͳΘͪ n < pͷͱ͖ɼXTXٯ

ɼXTXʹີݫ∗ ͱ͍͏͕݅ඞཁͰ͢ɽͭ࣋Λྻߦٯ͕

2
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ʹͳΕɼͦنͰ͖·ͤΜɽ·ͨɼσʔλ͕େࢉܭখೋਪఆΛ࠷ɼͣͨ࣋Λྻߦ

ͦύϥϝʔλΛػࢉܭͰ͢ࢉܭΔͱ͍͏͜ͱࣗମ͕ࠔʹͳΔ͜ͱଟʑ͋Γ·͢ɽ

͜ΕΒͷΛରॲ͢Δํ๏ͱͯ͠ɼਖ਼ଇԽ๏ͱ͍͏ͷ͕͋Γ·͢ɽͱ͘ʹɼTibshirani

(1996, JRSSB) ͷఏҊͨ͠ Lasso (Least absolute shrinkage and selection operator)ɼp

͕େ͖͍߹Ͱ༻͍Δ͜ͱ͕Ͱ͖Δํ๏ͱͯ͘͠༻͍ΒΕ͍ͯ·͢ɽLassoਪఆ

ҎԼͷؔΛ࠷খԽ͢Δ͜ͱʹΑΓٻΊΒΕ·͢ɽ

n∑

i=1

{
yi −

(
β0 +

p∑

j=1

βjxij

)}2

+ λ
p∑

j=1

|βj|.

ͨͩ͠ɼλ ≥ 0ਖ਼ଇԽύϥϝʔλͱ͠·͢ɽ࠷খೋ๏ͱҟͳΔɼ্ͷࣜͷୈ 2߲

ʹ͋Γ·͢ɽͭ͡ɼλͷ͕େ͖͚Εɼβͷͷͪɼ͍͔͕ͭ͘ 0ʹਪఆ͞ΕΔ

͜ͱ͕ΒΕ͍ͯ·͢ɽ0Ͱ͋Δͱ͍͏͜ͱɼରԠ͢ΔมతมʹӨڹΛ༩͑ͳ

͍ͱ͍͏͜ͱΛҙຯ͠·͢ɽͭ·ΓɼlassoΛ͏ͱɼෆཁͳมΛࣗಈతʹআ͠ڈɼඞ

ཁͳมͷΈϐοΫΞοϓͰ͖ΔͷͰ͢ɽ

Lassoͷతؔʹɼύϥϝʔλͷઈରʹ߲ͮ͘ج |βj|͕ଘ͠ࡏɼ͜ͷ߲ βj = 0

ͰඍෆՄͰ͢ɽͦͷͨΊɼֶతʹѻ͍ʹ͍͘Ͱ͢ɽͨͱ͑ɼ(1)ࣜʹ͋ΔΑ͏ʹ

ਪఆΛղੳతʹٻΊΔͱ͍͏͜ͱ͕ࠔͱͳΓ·͢ɽ͔͠͠ͳ͕Βɼ2000͋ͨΓ͔

ΒࢉܭΞϧΰϦζϜͱݩ࣍ߴͷཧ͕ൃల͠ɼඍෆՄͰ࣮ࡍʹPCͰಈ͔͢ͱ༗༻

Ͱ͋Δ͜ͱ͕Θ͔͖ͬͯ·ͨ͠ɽ͜͜ͰࢉܭΞϧΰϦζϜͱݩ࣍ߴͷཧʹ͍ͭͯগ͠

৮Ε͍ͨͱ͍ࢥ·͢ɽ

3.1 ΞϧΰϦζϜࢉܭ

͍·ɼλΛ༩͑ͨͱ͖ɼA = {j|β̂j $= 0}ͱఆٛ͠·͢ɽ͜ͷͱ͖ɼLassoͷతؔΛ

ඍͯ͠†ղ͘ͱɼβ̂࣍Ͱ༩͑ΒΕ·͢ɽ

β̂A = (XT
AXA)

−1

{
XT

Ay − λ

2
sA

}
(2)

β̂AC = 0 (3)

ͨͩ͠ɼβ̂Aɼਪఆ β̂ͷ͏ͪAʹରԠ͢ΔཁૉͷΈΛऔΓग़ͨ͠ϕΫτϧͰ͢ɽ
͜͜ͰɼλΛେ͖͍͔Βঃʑʹখ͍ͯͬͨ͘͞͠ͱ͖ͷਪఆ β͕̂ͲͷΑ͏ʹมԽ

͍ͯ͘͠ͷ͔ΛͯݟΈ·͢ɽ(2)ࣜΑΓɼLassoղ۠ઢܗͰ͋Δ͜ͱ͕Θ͔Γ·͕͢ɼ

ͯ͢ͷ λʹର͢Δ β̂ΛͱΊΔͨΊʹɼ͏͢͜͠ৄ͘͠ௐͯΈ·͢ɽ·ͣɼे

େ͖ͳ λʹରͯ͠ɼβ̂ = 0Ͱ͢ɽβ̂ = 0ͱͳΔ࠷খͷ λΛ λ0 ͱ͢Δͱɼ(2)ࣜΑΓɼ

ɽ͢·͍ͰඍෆՄͳͷͰɼਖ਼֬ʹྼඍͱ͍͏֓೦Λݪ†

3
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λ0 = maxj |x∗T
j y|/x∗T

j x∗
j Ͱ༩͑ΒΕ·͢ɽͨͩ͠ɼx∗

j Xͷ jྻΛऔΓग़ͨ͠ nݩ࣍

ϕΫτϧͱ͠·͢ɽj1 = argmaxj |x∗T
j y|/x∗T

j x∗
j ͱ͢ΔͱɼλΛ λ0ΑΓগ͚ͩ͠খ͍͞ͱ

͖ͷਪఆɼA = {j1}ͱͨ͠ͱ͖ͷ (2)ࣜͰ༩͑ΒΕ·͢ɽ͞Βʹ λΛখ͘͢͞Δͱɼ

͋Δ j2 $= j1ʹର͠ɼ͋Βͨͳඇθϩਪఆ β̂j2 ͕ग़͢ݱΔ λ1͕ଘ͠ࡏ·͢ɽ͜ͷͱ͖ɼ

A = {j1, j2}ͱߋ৽͠·͢ɽλ͕ λ1ΑΓগ͚ͩ͠খ͍͞ͱ͖ͷਪఆɼA = {j1, j2}ͱ
ͨ͠ͱ͖ͷ (2)ࣜͰ༩͑ΒΕ·͢ɽ

ҎԼɼಉ༷ʹͯ͠มΛՃ·ͨআ͍͚ͯ͠ྑ͍ͱ͍͏͜ͱʹͳΓ·͢ɽม͕

Ճ·ͨআ͞ΕΔॠؒͷ λΛ λ∗ͱ͢Δͱɼͭ͡ɼλ∗ཅʹٻΊΔ͜ͱ͕Ͱ͖·͢ɽ

·ͨɼઌʹड़ͨΑ͏ʹɼλΛ༩͑ͨͱ͖ɼਪఆ (2)ࣜɼ(3)ࣜͰ༩͑ΒΕ·͢ɽͭ·

Γɼҙͷ λʹର͢Δਪఆ͕ಘΒΕΔͱ͍͏͜ͱʹͳΓ·͢ɽ

3.2 ऩଋϨʔτ

͍·ɼύϥϝʔλͷ΄ͱΜͲ͕ 0Ͱ͋Δͱ͠·͢ɽύϥϝʔλβͷ͏ͪɼඇθϩཁૉʹ

ରԠ͢Δఴ͑ࣈΛ S0ͱ͠ɼβ = (βT
S0
,βT

SC
0
)T ͱ͠·͢ɽ·ͨɼS0ͷେ͖͞ʢඇθϩཁૉ

ͷʣΛ s0ͱ͠·͢ɽ

͍·ɼ༧ଌਫ਼ͱಉͷ࣍ͷೋͮ͘جʹࠩޡϦεΫ

R =
1

n
‖Xβ̂ −Xβ‖22

ΛධՁ͢Δ͜ͱΛ͑ߟ·͢ɽ͜ͷ͕ɼn͕େ͖͘ͳΔʹͭΕͯ 0ʹ͚ۙͮɼ༧ଌ͕

ʢฏۉతʹʣਖ਼͍͠ʹऩଋ͠·͢ɽ͕ͨͬͯ͠ɼn͕ेେ͖͍ͱ͖ɼR͕ 0ʹۙͮ͘

͜ͱΛࣔͤɼਫ਼Α͘༧ଌͰ͖Δͱ͑ݴ·͢‡ɽ࠷খೋਪఆྔʹର͢ΔೋࠩޡϦε

ΫRͷظɼ

E[R] =
1

n
E‖X(XTX)−1XTε‖22 =

p

n
σ2 (4)

Ͱ༩͑ΒΕ·͢§ɽ͜ΕΑΓɼp͕େ͖͍ͱ͖ɼE[R]େ͖͘ͳͬͯ͠·͍·͢ɽͨͱ

͑ɼp = n/2ͱ͢ΔͱɼE[R] = σ2/2ͱͳΓɼn → ∞ͱͯ͠ 0ʹऩଋ͠·ͤΜɽ

Ծʹਅͷඇθϩू߹ S0Λ͍ͬͯΔͱͯ͠ɼ࠷খೋ๏ʹΑͬͯਪఆͨ͠ͱ͢Δͱɼ

E[R] =
1

n
E‖Xβ̂S0 −Xβ‖22 =

s0
n
σ2 (5)

ࠩޡ‡ ε͕֬มͰ͋ΔͨΊɼR֬มͱͳΓ·͢ɽͦͷͨΊɼີݫʹɼlimn→∞ R = 0Λࣔ͢

ͱ͍͏͜ͱͰ͖·ͤΜɽਖ਼֬ʹɼ֬ऩଋ֓ऩଋͱ͍͏ɼී௨ͷྻͱҧͬͨऩଋΛ͑ߟΔඞཁ͕

͋Γ·͢ɽ
ʹີݫ§ n < pͷͱ͖ʹ࠷খೋਪఆଘ͠ࡏͳ͍ͨΊɼ͜͜Ͱ n > pͰ p͕ nʹे͍ۙͱ͖

Λ͍ͯ͑ߟ·͢ɽ

4
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ͱͳΓ·͢ɽΑͬͯɼs0 ( pͷͱ͖ʢ͢ͳΘͪेʹεύʔεͳͱ͖ʣϦεΫͷظ

E[R] (4)ࣜͱൺͯेʹখ͘͞ͳΓ·͢ɽͪΖΜɼզʑू߹ S0ΛΒͳ͍ͷͰɼ

β̂S0 ΛٻΊΔ͜ͱෆՄͰ͋Γɼ(5)ࣜɼʮཧతͳঢ়گԼͰಘΒΕͨਪఆྔʹର͢Δ

ϦεΫʯͱղऍͰ͖·͢ɽ·ͨɼ(5)ࣜͷӈลɼn → ∞ͱͨ͠ͱ͖ʹ 0ʹऩଋ͠·͢

ͷͰɼ

lim
n→∞

E[R] = 0 (6)

͕Γཱͪ·͢ɽͦ͜Ͱɼ(5)ࣜͷϦεΫʹ͚ۙͮΔ͜ͱΛඪͱ͠·͢ɽ

খೋ๏࠷ (6)͕ࣜΓཱͪ·ͤΜ͕ɼͭ͡ɼLassoͦΕʹ͍ۙ݁Ռ͕ಘΒΕ·͢ɽ

ͨͩɼܭըྻߦXʹର੍ͯ݅͠Λ՝͢ඞཁ͕͋Γ·͢ɽදతͳ͕݅ɼcompatibility

conditionͱݺΕΔ݅ͰɼXTXͷ࠷খݻ༗͕খ͗͢͞ͳ͍ͱ͍͏݅ͱΈͳ͢͜ͱ

͕Ͱ͖·͢¶ɽ͜ͷͱ͖ɼʢ͔ͳΓϥϑʹॻ͘ͱʣɼn͕ेେ͖͍ͱ͖ɼ͍֬ߴͰ

R ≤ C
log p

n
(7)

͕Γཱͪ·͢ɽ͜͜ͰɼC n, pʹґଘ͠ͳ͍ఆͰ͢ɽ

(7)ࣜΛݟΔͱɼӈล͕ (5)ࣜΑΓେ͖͍Λͱ͍ͬͯΔͷͷɼ(4)ࣜͷΑΓ໌

Β͔ʹখ͍͞Ͱ͢ɽ࣮ࡍɼp͕ेʹେ͖͍ͱ͖ɼࢠͷ pͱ log pͷࠩେ͖͍Ͱ͢ɽͨ

ͱ͑ɼp = 10000ͷͱ͖ɼlog p ≈ 9.21Ͱ͢ɽͨͱ͑ɼpΛ nʹґଘͤͯ͞ɼpn = nk

(k > 1)ͱ͢Δͱɼ(7)ࣜͷӈล 0ʹऩଋ͠·͢ɽ͜ΕΑΓɼ(6)ࣜʹ͍ۙੑ࣭͕Γཱ

ͭͷͰ͢ɽ࠷খೋ๏ʢ͢ͳΘͪ (4)ࣜʣͰ͜ͷੑ࣭શ͘Γཱͪ·ͤΜɽ

4 ͓ΘΓʹ

LassoޮతͳΞϧΰϦζϜ͕ଘ͠ࡏɼ͔ͭ n < pͷͱ͖ʹ౷ܭతʹྑ͍ੑ࣭Λͪ࣋

·͢ɽͦΕΏ͑ɼLasso༗༻ͳπʔϧͰ͋Γɼ࣮ࡍɼ༷ʑͳ໘ͰΘΕ·͢ɽ͔͠͠

ͳ͕ΒɼLasso͍ͭ n < pͷͱ͖ʹ͏·͍͘͘ͱ͔͗Γ·ͤΜɽͱ͍͏ͷɼLasso

͢ΔͨΊʹɼ(7)ࣜͷػ͘·͏͕ compatibility conditionΛຬͨ͢ඞཁ͕͋Δ͔ΒͰ

͢ɽͭ͡ɼ͜ͷ݅ͱͯ͘ڧɼ࣮ݱͷ໘Ͱ͜ͷ݅Λຬ͍ͨͯ͠Δঢ়گ͋·

Γͳ͍ͱͯͬݴ͍͍͔͠Ε·ͤΜɽͨͱ͑ɼҨࢠσʔλʹରͯ͠ɼҨؒࢠʹ

େ͖ͳ૬͕ؔ͋ΓɼLasso͏·͘ػ͠ͳ͍Մੑ͕͍ߴͰ͢ɽҰํͰɼը૾σʔλ

ͷ෮ݩɼมؒʹେ͖ͳ૬͕ؔؔ͋·Γͳ͘ɼLasso͕͏·͘ػ͢Δ͜ͱ͕ଟ͍ͱ

ɼLassoը૾σʔλղੳͱͷ૬ੑ͕ྑ͍Ͱ͢ɽ͜ͷΑ͏ʹɼख๏ͷࡍΒΕ·͢ɽ࣮͑ߟ

ಛΛཧղ͓ͯ͘͜͠ͱ͕ɼΑΓΑ͍ղੳͱͭͳ͕Γ·͢ɽ

͏গ͠ΏΔ͍݅Ͱ͢ɽʹࡍ࣮¶
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