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1 ಋೖ

• ऩଋ͢Δڃͱൃ͢ࢄΔڃ
• “ແݶ”Λ͑Δ

(I) k, nΛͰɼk ≥ 0ͱ n ≥ 1Λຬͨ͢ͱ͢Δɽ

Sk(n) := 1k + 2k + · · ·+ nk ͱ͢ΔɽԼهͷެ͕ࣜΒΕ͍ͯΔɽ

S0(n) = 1 + 1 + · · ·+ 1 = n,

S1(n) = 1 + 2 + · · ·+ n =
1

2
n(n+ 1),

S2(n) = 12 + 22 + · · ·+ n2 =
1

6
n(n+ 1)(2n+ 1),

S3(n) = 13 + 23 + · · ·+ n3 =
1

4
n2(n+ 1)2,

...

ͦΕͰɼҎԼͷྻͷʹ͍ͭͯͲ͏ͩΖ͏͔ʁ

Tk(n) := 1 +
1

2k
+

1

3k
+ · · ·+ 1

nk
.

Sk(n)ͷΑ͏ͳʠΘ͔Γ͍͢ެࣜʡΒΕ͍ͯͳ͍Α͏Ͱ͋Δɽy = 1
xk ͷάϥϑΛ

ඳ͍ͯɼੵΛ༻͍ΔͱɼTk(n)Λ্͔ΒධՁग़དྷΔɽ

Tk(n) ≤ 1 +

∫ n

1

dx

xk
.

• k > 1ͱԾఆ͢Δɽ ͜ͷͱ͖ɼ

Tk(n) ≤ 1 +
[ x1−k

1− k

]n
1
= 1 +

1− n1−k

k − 1
≤ 1 +

1

k − 1
.

Αͬͯɼݶۃ lim
n→∞

Tk(n) ଘ͢ࡏΔɽͳͥͳΒɼTk(n) ୯ௐ૿ՃͰ্ʹ༗քͰ͋Δ

͔Βɽ

• k = 1ͷͱ͖Λ͑ߟΑ͏ɽ

log(n+ 1) =

∫ n

0

dx

x+ 1
≤ T1(n).
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Αͬͯɼ lim
n→∞

T1(n) = ∞ ͱͳΔɽͳͥͳΒɼ lim
n→∞

log(n+ 1) → ∞ͱͳΔ͔Βɽ
ԼهͷΛͯ͑ߟΈΑ͏ʢφΠʔϒͳܗʣɽ:

 1.1. 1. k ≥ 2ͱ͢ΔɽTk := lim
n→∞

Tk(n)ͷਖ਼֬ͳ͕ࢉܭग़དྷΔͩΖ͏͔ʁ

2. lim
n→∞

T1(n) = ∞ɼԼهͷڃ͕ൃ͢ࢄΔ͜ͱ͕Θ͔͍ͬͯΔɽ

lim
n→∞

S0(n) = lim
n→∞

S1(n) = lim
n→∞

S2(n) = · · · = lim
n→∞

Sk(n) = ∞.

͜ΕΒͷൃڃࢄΛʠࢉܭʡग़དྷΔ͔ʁʢ͜ΕΒͷൃڃࢄʹԿ͔ҙຯͷ͋ΔΛ

ରԠͤ͞ΒΕΔͩΖ͏͔ʁʣ

• ͷɼϦʔϚϯθʔλؔه্ ζ(s)ͷಛघΛ͢ߟΔ͜ͱʹؼண͞ΕΔɽ

(II) ૉͱθʔλؔ

ఆٛ 1.2 (ૉ).  n > 1 ͷਖ਼ͷ͕ɼ1 ͱ nʹݶΔͱ͖ɼnΛૉͱ͍͏ɽ

ྫɽ 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97, . . .

ఆཧ 1.3 (Euclid 3rd Century B.C.). ૉແʹଘ͢ࡏΔɽ

ఆཧ 1.4 (Euler 1737).

∑

p

1

p
=

1

2
+

1

3
+

1

5
+

1

7
+

1

11
+

1

13
+

1

17
+

1

19
+

1

23
+ · · · = ∞.

͜͜ͰɼૉશମʹΔɽ

Euclid ͷఆཧɼEuler ͷఆཧ͔Βಋ͚Δ͜ͱʹҙ͢Δɽʢ∵༗ݶৗʹऩଋʂʣ
• େࡶʹ͏ݴͱɼ“ૉͷݸฏํͷݸΑΓଟ͍”ͱ͑ݴΔɼͳͥͳΒ

T2 =
∞∑

n=1

1

n2
< ∞͕Γཱ͔ͭΒɽ

ఆٛ 1.5 (π(x)). ࣮ x ≥ 2ʹରͯ͠ɼ2 ≤ p ≤ xΛΈͨ͢ૉ pͷݸΛ π(x)ͱ͓͘ɽ

ྫɽ π(10) = 4, π(102) = 25, π(103) = 168, π(104) = 1229, π(105) = 9592, . . .

ఆཧ 1.6 (ૉఆཧɼ Hadamard 1894 and de la Vallée Poussin 1896). xΛਖ਼ͷ࣮ͱ

͠ɼπ(x) Λ xΛ͑ͳ͍ૉͷݸͱ͢Δɽ͜ͷͱ͖ɼҎԼ͕Γཱͭɽ

π(x) ∼
∫ x

2

dt

log t
(x → ∞).

͜͜Ͱɼf(x) ∼ g(x)  lim
x→∞

f(x)/g(x) = 1 Λҙຯ͢Δɽ
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• ૉఆཧɼϦʔϚϯθʔλؔه্ ζ(s) ͷඇྵྖҬΛௐΔ͜ͱʹΑΓɼূ໌͞

Εͨɽ

ఆٛ 1.7 (ϦʔϚϯθʔλؔ). Re(s) > 1Λຬͨ͢ෳૉ s ∈ Cʹରͯ͠ɼ ԼهͰఆ
ٛ͢Δɽ

ζ(s) :=
∞∑

n=1

1

ns
.

ෳૉ s ∈ Cʹରͯ͠ɼσ := Re(s) ͱ t := Im(s) ͱ͓͘ɽ ͜ͷͱ͖ɼs = σ+ itͱͳ

Δɽ(σ, t ∈ R.) θ ∈ Rʹରͯ͠ɼeiθ = cos θ + i sin θ ΑΓɼ

n−s = e−s logn = e−σ logne−it logn = n−σ
(
cos(t log n)− i sin(t log n)

)
.

Αͬͯɼ|n−s| = n−σ Ͱ͋Γɼʢෳૉ z = x + iy ∈ C ͷઈର |z| =
√
x2 + y2 Ͱ͋

ΔɽʣԼهͷෆࣜΛಘΔɽ

|ζ(s)| ≤
∞∑

n=1

1

nσ
.

ແڃݶ
∞∑

n=1

n−σ ɼݻఆ͞Εͨ σ0 > 1Ҏ্ͷશͯͷ σ ∈ Rʹରͯ͠ɼҰ༷ऩଋ͢

Δɽ্ڃه ζ(s)ͷ༏ڃͳͷͰɼζ(s)ྖҬ {s ∈ C | Re(s) > 1} ʹ͓͚Δਖ਼ଇؔ
Λද͢ɽ

• ͋ͱͰ ζ(s) ͕ɼCશମʹ༗ཧؔܕʢۃΛআ͍ͯਖ਼ଇʣͱͯ͠ղੳଓ͞ΕΔ͜ͱ
Λࣔ͢ɽ

2 ෳૉղੳೖ

ղੳʹ͓͚Δओཁͳಓ۩ʠෳૉղੳʡͰ͋Δɽෳૉղੳͷૅجʹ͍ͭͯհ͢

ΔɽʢڭՊॻ [4]ɼ[8]Λࢀর͍ͯͩ͘͠͞ɽʣ

• D ⊂ C ΛྖҬʢ࿈݁ͳ։ू߹ʣͱ͢Δɽ[4]ͷ p.48ࢀরɽ

ఆٛ 2.1 (ਖ਼ଇؔ). f : D → C ͱ͢ΔɽD ͷશͯͷ z ʹ͓͍ͯɼf ͕ෳૉඍՄ

ͳͱ͖ɼf  D ্ਖ਼ଇͰ͋Δͱ͍͏ɽʢf ′(z) = lim
h→0

f(z + h)− f(z)

h
͕ଘ͢ࡏΔͱ͍͏

ҙຯɽh ∈ Cʹҙɽʣ

ఆཧ 2.2 (ਖ਼ଇͳΒෳૉղੳత). f : D → C Λ D ্ͷਖ਼ଇؔͱ͢Δɽ͜ͷͱ͖ɼҎ

Լ͕Γཱͭɽ
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1. f ԿճͰෳૉඍՄͰɼ͢ ͯͷ n ∈ Nʹରͯ͠ɼf (n) D্ਖ਼ଇͰ͋Δɽ

2. ͯ͢ͷ a ∈ D ʹରͯ͠ɼf  z = aͰෳૉղੳతͰ͋Δɼͭ·Γɼf  z = a

ͷ͋Δۙʹ͓͍ͯςΠϥʔల։Ͱ͖Δ:

f(z) =
∞∑

n=0

f (n)(a)

n!
(z − a)n.

Da(R) := {z ∈ C | 0 < |z − a| < R}. (a ∈ C, R > 0)ͱ͓͘ɽ

ఆٛ 2.3 .(ಛҟཱݽ) f ΛDa(R)্ͷਖ਼ଇؔͱ͢Δɽf(a)͕ఆٛ͞Εͳ͍͔ɼf ′(a)

͕ଘ͠ࡏͳ͍ͱ͖ɼz = a  f ͷཱݽಛҟͰ͋Δͱ͍͏ɽ

ఆཧ 2.4 (ϩʔϥϯల։). f Λ Da(R)্ͷਖ਼ଇؔͱ͢Δɽ͜ͷͱ͖ɼf ͋Δԁྖ

Ҭʹ͓͍ͯԼهͷΑ͏ͳϩʔϥϯల։Λͭɽ

f(z) =
∞∑

n=−∞
an(z − a)n.

ఆٛ 2.5 (ओཁ෦). f : Da(R) → C Λਖ਼ଇؔͱ͠ɼz = a Λ f ͷཱݽಛҟͱ͢Δɽ

−1∑

n=−∞
an(z − a)n

Λɼf ͷ z = aʹ͓͚Δϩʔϥϯల։ͷओཁ෦ͱ͍͏ɽ

ఆٛ 2.6. f : Da(R) → C Λਖ਼ଇؔͱ͠ɼz = a Λ f ͷཱݽಛҟͱ͢Δɽ

1. f ͷ z = aʹ͓͚Δओཁ෦͕̌ͱͳΔͱ͖ɼz = a ΛআڈՄͳಛҟͱ͍͏ɽ

2. f ͷ z = aʹ͓͚Δओཁ෦͕༗ݶͱͳΔͱ͖ɼz = a Λۃͱ͍͏ɽ

3. f ͷ z = aʹ͓͚Δओཁ෦͕ແݶͱͳΔͱ͖ɼz = a Λਅੑಛҟͱ͍͏ɽ

ఆٛ 2.7 (ؔ). ෳૉฏ໘શମͰਖ਼ଇͳෳૉؔΛؔͱ͍͏ɽ

• ez :=
∞∑

n=0

zn

n!
, sin z :=

eiz − e−iz

2i
ͱ cos z :=

eiz + e−iz

2
ؔͰ͋Δɽ

ఆٛ 2.8 (ղੳଓ). D1 ⊂ D2 ⊂ C ΛೋͭͷྖҬͱ͠ɼf : D1 → C, g : D2 → C Λෳ
ૉղੳతͳؔͱ͢Δɽg ͷ D1 ͷ੍͕ݶɼf ͱҰக͢Δͱ͖ɼg Λ f ͷ D2 ͷղੳ

ଓͱ͍͏ɽ
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3 ΦΠϥʔͷެࣜ

ʠΦΠϥʔͷެࣜ ʡʢҎԼɼESF ͱུهʣͱݺΕΔԼهͷެࣜΛ͑ߟΔɽESF 

ζ(s) ͷղੳଓΛಋ͘ࡍʹ༻͍ΒΕΔɽ[9]ʹैͬͯɼESFͱͦͷԠ༻Λ͍͔ͭ͘հ

͢Δɽ

ఆٛ 3.1 (Ψεه߸). ࣮ xʹରͯ͠ɼ[x] := max{n ∈ Z | n ≤ x}Ͱఆٛ͢Δɽ

໋ 3.2 (ΦΠϥʔͷެࣜ). f : R → C ͱ͢Δɽx > 0ͱ͢Δɽ۠ؒ [0, x]ʹ͓͍ͯɼ

f ͕࿈ଓͳಋؔ f ′ ΛͭͳΒɼԼ͕هΓཱͭɽ

∑

0<n≤x

f(n) =

(∑

n≤x

1

)
f(x)−

∫ x

1

(∑

n≤t

1

)
f ′(t) dt

= [x] f(x)−
∫ x

1
[t] f ′(t) dt.

ূ໌. ҎԼͷΑ͏ʹੵ۠ؒΛׂͯ͢͠ࢉܭΔɽ

∫ x

1

(∑

n≤t

1

)
f ′(t) dt

=
∑

2≤m≤[x]

∫ m

m−1
(m− 1)f ′(t) dt+

∫ x

[x]
[x]f ′(t) dt

=
∑

2≤m≤[x]

(m− 1)
[
f(t)

]m
m−1

+ [x]
[
f(t)

]x
[x]

=
(
f(2)− f(1)

)
+ 2
(
f(3)− f(2)

)
+ 3
(
f(4)− f(3)

)

+ · · ·+ ([x]− 1)
{
f([x])− f([x]− 1)

}
+ [x]

{
f(x)− f([x])

}

= −f(1)− f(2)− f(3)− · · ·− f([x]− 1)− f([x]) + [x]f(x)

= −
∑

n≤x

f(n) +

(∑

n≤x

1

)
f(x).

" ESF ͷԠ༻̍

ɽ͏ࢥΛशͬͨͱ࣮ࣄΔ͢ࢄൃ͕ݶۃͷهͰԼߍߴ

lim
n→∞

(
1 +

1

2
+

1

3
+ · · ·+ 1

n

)
= ∞.
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ఆٛ 3.3 (ϥϯμͷʢϏοάΦʔʣه߸). f, g : R → Cͱ͢Δɽx0 > 0ͱ C > 0͕ଘ

ɼxͯ͠ࡏ > x0ͳΒ |f(x)| ≤ C|g(x)|ͱͳΔͱ͖ɼ

f(x) = O(g(x)) (x → ∞)

ͱ͔͘ɽ

ఆཧ 3.4.
∑

n≤x

1

n
= log x+ γ +O

(
1

x

)
(x → ∞).

͜͜Ͱɼγ ΦΠϥʔͷఆͰɼγ := lim
n→∞

( n∑

k=1

1

k
− log n

)
Ͱ༩͑ΒΕΔɽ

ূ໌. ESF Ͱɼf(t) = 1/t ͱ͓͘ͱɼԼهΛಘΔɽ

∑

n≤x

1

n
=

[x]

x
+

∫ x

1

[t]

t2
dt

=

∫ x

1

dt

t
−
∫ x

1

t− [t]

t2
dt+ 1− x− [x]

x

= log x+ 1−
∫ ∞

1

t− [t]

t2
dt+

∫ ∞

x

t− [t]

t2
dt+O

(
1

x

)
.

ੵٛ
∫∞
1

t−[t]
t2 dt ଘ͢ࡏΔɽͳͥͳΒɼ

∫∞
1 t−2dt = 1 Ͱ͑ΒΕΔ͔Βɽ·ͨɼ

0 ≤
∫ ∞

x

t− [t]

t2
dt ≤

∫ ∞

x

dt

t2
=

1

x
.

Αͬͯɼ
∑

n≤x

1

n
= log x+ 1−

∫ ∞

1

t− [t]

t2
dt+O

(
1

x

)
.

7
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ΑΓɼʹࢉܭɼʹޙ࠷

C := 1−
∫ ∞

1

t− [t]

t2
dt = 1− lim

n→∞

n∑

k=2

∫ k

k−1

t− [t]

t2
dt

= 1− lim
n→∞

n∑

k=2

∫ k

k−1

(
1

t
− k − 1

t2

)
dt

= 1− lim
n→∞

n∑

k=2

[
log t+

k − 1

t

]k

k−1

= 1− lim
n→∞

n∑

k=2

{
log k − log(k − 1)− 1

k

}

= lim
n→∞

( n∑

k=1

1

k
− log n

)
.

" ESFͷԠ༻̎ɿૉͷʹؔ͢Δɼ͋Δۙެࣜɽ

ఆٛ 3.5 (ϑΥϯɾϚϯΰϧτؔ).  n ≥ 1ʹରͯ͠ɼԼهͰఆٛ͢Δɽ

Λ(n) :=

{
log p n = pm ͱ͔͚Δͱ͖ɼ͜͜Ͱɼp ૉͰm ≥ 1ɽ

0 ͦΕҎ֎ɽ
(3.1)

ྫɿΛ(1) = 0, Λ(2) = log 2, Λ(3) = log 3, Λ(4) = log 2, Λ(5) = log 5, Λ(6) = 0, . . . .

• ૉఆཧԼهͷۙެࣜͱಉͰ͋Δ͜ͱ͕ΒΕ͍ͯΔɽ
∑

n≤x

Λ(n) ∼ x (x → ∞).

ૉఆཧͷΘΓʹɼಋग़͕ൺֱతқ͍͍͔ͭ͘͠ͷૉͷʹؔ͢ΔۙެࣜΛ

հ͢Δɽ

ఆཧ 3.6.

∑

n≤x

Λ(n)

[
x

n

]
= x log x+O(x),

∑

n≤x

Λ(n)

n
= log x+O(1),

∑

p≤x

log p

p
= log x+O(1).

8
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ԼهͷิΛࣔ͢͜ͱ͔Β࢝ΊΑ͏ɽ

ิ 3.7. f : N → C Λతؔͱ͢Δɽ͜ͷͱ͖ɼԼ͕هΓཱͭɽ

∑

n≤x

∑

d|n

f(d) =
∑

n≤x

f(n)

[
x

n

]
.

ূ໌.
∑

n≤x

∑

d|n

f(d) =
∑

md≤x

f(d) =
∑

d≤x

∑

m≤x/d

f(d) =
∑

d≤x

f(d)

[
x

d

]
.

໋ 3.8.
∑

n≤x

Λ(n)

[
x

n

]
= x log x+O(x) (x → ∞). (3.2)

ূ໌.
∑

n≤x

Λ(n)

[
x

n

]
=
∑

n≤x

∑

d|n

Λ(d) =
∑

n≤x

log n.

͜͜ͰɼԼهΛ༻͍ͨɽ

∑

d|n

Λ(d) =
r∑

k=1

ak∑

m=1

Λ(pmk ) =
r∑

k=1

ak∑

m=1

log pk = log n,

ͨͩ͠ɼn =
∏r

k=1 p
ak
k ͱૉҼղͨ͠ɽESF ʹ͓͍ͯɼf(t) = log tͱ͓͘ͱɼԼه

ΛಘΔɽ

∑

n≤x

log n = [x] log x−
∫ x

1

[t]

t
dt

= [x] log x+

∫ x

1

t− [t]

t
dt− (x− 1)

= x log x− x+ 1 +

∫ x

1

t− [t]

t
dt+ ([x]− x) log x

= x log x− x+ 1 +

∫ x

1

t− [t]

t
dt+O(log x)

= x log x− x+O(log x) = x log x+O(x).

͜ΕͰɼূ໌͞Εͨɽ

9
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໋ 3.9.
∑

n≤x

Λ(n)

n
= log x+O(1). (3.3)

ূ໌.

∑

n≤x

Λ(n)

[
x

n

]
=
∑

n≤x

Λ(n)

{
x

n
+O(1)

}

= x
∑

n≤x

Λ(n)

n
+O(

∑

n≤x

Λ(n))

= x
∑

n≤x

Λ(n)

n
+O(x).

͜͜Ͱɼ
∑

n≤x Λ(n) = O(x) Λ༻͍ͨɽ(3.2)ΑΓɼԼهΛಘΔɽ

∑

n≤x

Λ(n)

n
= log x+O(1).

໋ 3.10. ∑

p≤x

log p

p
= log x+O(1). (3.4)

ূ໌. n͕ૉ͖Ͱͳ͍ͱ͖ɼΛ(n) = 0 ͳͷͰɼ

∑

n≤x

Λ(n)

n
=
∑

p

∑

pm≤x

Λ(pm)

pm
.

ͷΛॻ͖͢ͱɼޙ࠷

∑

p≤x

[ log x
log p ]∑

m=1

log p

pm
=
∑

p≤x

log p

p
+
∑

p≤x

[ log x
log p ]∑

m=2

log p

pm
.

ӈลͷ 2൪ͷ͕ O(x) Ͱ͋Δ͜ͱΛ͏ݴɽ࣮ࡍɼ

∑

p≤x

[ log x
log p ]∑

m=2

log p

pm
≤
∑

p≤x

∞∑

m=2

log p

pm
=
∑

p≤x

log p
∞∑

m=2

p−m

=
∑

p≤x

log p · p−2

1− p−1
=
∑

p≤x

log p

p(p− 1)

≤
∞∑

n=2

log n

n(n− 1)
= O(1),

10
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ͳͥͳΒɼ

∞∑

n=1

1

n3/2
< ∞,

log(n+ 1)

n2
/

1

n3/2
=

log(n+ 1)

n1/2
→ 0 (n → ∞),

Αͬͯ
∞∑

n=2

log n

n(n− 1)
≤

∞∑

n=2

log n

(n− 1)2
=

∞∑

n=1

log(n+ 1)

n2
< ∞.

ʢҙɿ ∃N ∈ N such that n ≥ N ͳΒ log(n+ 1)/n2 ≤ n−3/2 Δɽʣ͑ݴ͕

Ҏ্ΑΓɼূ໌͞Εͨɽ

∑

n≤x

Λ(n)

n
=
∑

p≤x

log p

p
+O(1) = log x+O(1).

" Ԡ༻̏ɿ
∑

p

1

p
= log log∞ ʢEuler 1737ʣ

ESF ͷҰͭͷҰൠԽͰ͋ΔʠΞʔϕϧͷެࣜʡΛ༻͍ΔɽʢҎԼɼASF ͱུ͢هΔɽʣ

ఆཧ 3.11 (Ξʔϕϧͷެࣜ). ҙͷతؔ a(n) ʹରͯ͠ɼʢతؔͱ N
্ͷؔͷ͜ͱʣ

A(x) :=
∑

n≤x

a(n),

ͱ͓͘ɽ͜͜Ͱɼx < 1 ͳΒɼA(x) = 0 ͱ͢Δɽf : R → C ͕࿈ଓͳಋؔΛ۠ؒ
[y, x]্ͭ࣋ͱԾఆ͢Δɼͨͩ͠ɼ0 < y < xͱ͢Δɽ͜ͷͱ͖ɼҎԼ͕Γཱͭɽ

∑

y<n≤x

a(n)f(n) = A(x)f(x)−A(y)f(y)−
∫ x

y
A(t)f ′(t) dt. (3.5)

ূ໌. ੵ۠ؒΛҎԼͷΑ͏ʹׂ͢Δɽ

∫ x

y
=

∫ x

[x]
+

∫ [x]

[x]−1
+ · · ·+

∫ [y]+1

y
.

͋ͱɼESFͷূ໌ͱಉ༷Ͱ͋Δɽ

• ͯ͢ͷ n ≥ 1ʹରͯ͠ɼa(n) = 1ͱ͓͚ɼA(x) = [x]ͱͳͬͯ ASF ͔Β ESF

͕ಋ͔ΕΔɽ

11
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ఆཧ 3.12.
∑

p≤x

1

p
= log(log x) + C +O

(
1

log x

)
(x → ∞).

 xҎԼͷૉશମʹΔɽ͜͜ͰɼC ͋ΔఆͰ͋Δɽ

ূ໌.

P (x) :=
∑

p≤x

log p

p
.

ͱ͓͘ɽ໋ 3.10ʹ͓͍ͯɼP (x) = log x+O(1) Λطʹࣔͨ͠ɽ

a(n) :=

{
1 n͕ૉͷͱ͖

0 ͦΕҎ֎

ͱ͓͘ɽ͜ͷͱ͖ɼ

∑

p≤x

1

p
=
∑

n≤x

a(n)

n
, P (x) =

∑

n≤x

a(n)

n
log n

ͱͳΓɼASFʹ͓͍ͯɼf(t) = 1/ log tͱ͓͚ɼ

∑

p≤x

1

p
=
∑

n≤x

a(n)

n
log n · f(n) = P (x)

log x
+

∫ x

2

P (x)

t log2 t
dt

͕Γཱͭɽ͜͜ͰɼP (t) = 0 for t < 2 Λ༻͍ͨɽP (x) = log x+O(1)Ͱ͔͋ͬͨΒɼ

͞Βʹ

∑

p≤x

1

p
=

log x+O(1)

log x
+

∫ x

2

log t+R(t)

t log2 t
dt

= 1 +O

(
1

log x

)
+

∫ x

2

dt

t log t
+

∫ x

2

R(t)

t log2 t
dt

ͱͳΔɽ͜͜ͰɼR(t) = O(1)Ͱ͋Δɽͯ͞ɼ
∫ x

2

dt

t log t
= log log x− log log 2

ͱ ∫ x

2

R(t)

t log2 t
dt =

∫ 2

∞

R(t)

t log2 t
dt−

∫ x

∞

R(t)

t log2 t
dt,

Ͱ͋ΓɼR(t) = O(1)ΑΓɼٛఆੵͷऩଋ͕Θ͔Δɽ·ͨɼ
∫ x

∞

R(t)

t log2 t
dt = O

(∫ ∞

x

dt

t log2 t

)
= O

(
1

log x

)

12
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Ͱ͋ΔɽҎ্ΑΓɼ
∑

p≤x

1

p
= log log x+ C +O

(
1

log x

)

͕Γཱͪɼ

C = 1− log log 2 +

∫ ∞

2

R(t)

t log2 t
dt

Ͱ͋Δɽ

" Ԡ༻̐ɿζ(s) ͷ Re(s) > 0ͷղੳଓ

σ = Re(s) > 1ͱ͠ɼf(x) = x−sͱ͓͘ɽ͜ͷ f(x)ʹରͯ͠ɼΦΠϥʔͷެࣜΛ͏ɽ

∑

n≤x

n−s = [x]x−s −
∫ x

1
[t](−s)t−s−1 dt

= [x]x−s + s

∫ x

1

{
([t]− t) + t

}
t−s−1 dt

= [x]x−s + s

∫ x

1
([t]− t)t−s−1 dt+ s

∫ x

1
t−s dt

= [x]x−s + s

∫ x

1
([t]− t)t−s−1 dt+

s

1− s
(x1−s − 1).

͜͜Ͱɼ

•
∣∣[x]x−s

∣∣ ≤ [x]x−σ ≤ x1−σ = x−(σ−1) → 0 (x → ∞)

•
∣∣x1−s

∣∣ = x1−σ → 0 (x → ∞)

ʹҙ͢ΔͱɼRe(s) > 1ʹର͢Δ ζ(s)ͷԼهͷදࣔΛಘΔɽ

ζ(s) =
∞∑

n=1

1

ns
=

s

s− 1
+ s

∫ ∞

1

(
[t]− t

)
t−s−1 dt. (3.6)

ͯ͞ɼ(3.6)ͷӈลͷੵ͕ {s ∈ C | Re(s) > 0}ʹଐ͢Δ sʹରͯ͠ɼऩଋ͢Δ͜ͱΛ

ΈΑ͏ɽ࣮ࡍɼσ > 0ͷͱ͖ɼ͜ͷੵԼهͷΑ͏ʹ্͔ΒධՁ͞ΕΔɽ

∫ ∞

1

∣∣∣
(
[t]− t

)
t−s−1

∣∣∣ dt ≤
∫ ∞

1
t−σ−1 dt =

[
− 1

σ
t−σ
]∞
1

=
1

σ
< ∞.

Αͬͯɼ(3.6)ͷӈล͕ɼs ∈ {s ∈ C | Re(s) > 0, s *= 1} ʹରͯ͠ɼҙຯΛͭ͜ͱ͕ূ
໌͞Εͨɽ͜ͷࣜɼζ(s) ͕ Re(s) > 0 ʹղੳଓ͞Εͯɼs = 1ʹ͓͍ͯҰҐͷۃΛ

13
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ͭ͜ͱ͕ࣔ͞Εͨɽۃ s = 1ʹ͓͚ΔཹΛ͢ࢉܭΔͱɼ

lim
s→1

(s− 1)ζ(s)

= lim
s→1

(s− 1)s

∫ ∞

1

(
[t]− t

)
t−s−1 dt+ lim

s→1
(s− 1)

s

s− 1
= 0 + 1 = 1

ͱͳΔɽ

໋ 3.13. ʑݩ Re(s) > 1 ʹ͓͍ͯఆٛ͞Ε͍ͯͨϦʔϚϯθʔλؔ ζ(s) ɼ

Re(s) > 0 ·Ͱղੳଓ͞ΕΔɽs = 1 ͰͷҰҐͷۃʢཹ̍ʣΛআ͍ͯɼζ(s) 

Re(s) > 0ʹ͓͍ͯਖ਼ଇͱͳΔɽ

•ʠϙΞιϯެࣜʡΛ༻͍ͯɼζ(s) ͕ CશମʹղੳଓͰ͖Δ͜ͱΛ͋ͱͰূ໌͢Δɽ

4 ແੵݶ

໋ 4.1.
∞∑

n=1

un ͕ઈରऩଋ͢Εɼ
∞∏

n=1

(1 + un) ऩଋ͢Δɽ

ূ໌. limn→∞ un = 0 ΑΓɼN ∈ N ͕ଘͯ͠ࡏɼn ≥ N ͳΒ un ≤ 1/2 ͱͳΔɽ

|u| < 1/2ͷͱ͖ɼ

| log(1 + u)| ≤
∞∑

n=1

|u|n

n
≤

∞∑

n=1

|u|n =
|u|

1− |u| ≤ 2|u|

ͱͳΔɽΑͬͯ
∞∑

n=1

un ͕ઈରऩଋ͢Εɼ
∞∑

n=1

log(1 + un) ઈରऩଋ͢Δɽ

•
∞∑

n=1

log(1 + un) ͕ઈରऩଋ͢Δͱ͖ɼʮແੵݶ
∞∏

n=1

(1 + un) ઈରऩଋ͢Δʯͱ͍͏ɽ

ܥ 4.2. D ⊂ C ΛྖҬɼ{un(z)} ΛD্ͷਖ਼ଇؔྻͱ͢ΔɽDͷͯ͢ͷίϯύΫτ

෦ू߹্Ͱɼ
∞∑

n=1

un(z) ͕Ұ༷ઈରऩଋ͢ΔͳΒɼ
∞∏

n=1

(1 + un(z))  D ͷͯ͢ͷ

ίϯύΫτ෦ू߹্ͰҰ༷ઈରऩଋ͠ɼD ্ͷਖ਼ଇؔΛఆٛ͢Δɽ

• A ⊂ C͕ίϯύΫτ ⇐⇒ A͕༗քดू߹ ʢ[4]ͷ p.39ࢀরɽʣ

• Ұ༷ऩଋʹ͍ͭͯɼ[4]ͷ p.44ࢀরɽ

14
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໋ 4.3. {pn} Λૉશମ͔ΒͳΔྻͱ͢Δɽʢp1 = 2, p2 = 3, p3 = 5, . . .ʣ

σ = Re(s) > 1ͳΔ s ∈ Cʹରͯ͠ɼແੵݶ

∞∏

n=1

(1− p−s
n )

ɼRe(s) > 1ͷͯ͢ͷίϯύΫτ෦ू߹্ͰҰ༷ઈରऩଋ͠ɼRe(s) > 1্ͷਖ਼

ଇؔΛఆٛ͢Δɽ

ূ໌. p−s
n = exp(−s log pn) ؔͰ͋ΔɽRe(s) ≥ σ0 > 1ʹରͯ͠ɼσ0 > 1ΑΓɼ

ҎԼ͕Γཱͭɽ

∣∣∣
∞∑

n=1

p−s
n

∣∣∣ ≤
∞∑

n=1

p−σ
n ≤

∞∑

n=1

p−σ0
n ≤

∞∑

n=1

n−σ0 < ∞.

ܥ 4.2ΑΓɼ
∞∏

n=1

(1− p−s
n )  Re(s) > 1ͷͯ͢ͷίϯύΫτ෦ू߹্ͰҰ༷ઈର

ऩଋ͠ɼRe(s) > 1্ͷਖ਼ଇؔΛఆٛ͢Δɽ

ఆཧ 4.4 (ΦΠϥʔੵ). σ = Re(s) > 1ʹରͯ͠ɼҎԼ͕Γཱͭɽ

ζ(s) =
∞∑

n=1

1

ns
=

∏

p:prime

(1− p−s)−1

ূ໌. ҎԼͷࣜʹҙ͢Δɽ

ζ(s)(1− 2−s) =
∞∑

n=1

1

ns
−

∞∑

n=1

1

(2n)s
=
∑

n:odd

1

ns
,

ζ(s)(1− 2−s)(1− 3−s) =
∑

n:odd

1

ns
−
∑

n:odd

1

(3n)s
=

∑

n:odd,3!n

1

ns
.

ಉ༷ʹɼ

ζ(s)
N∏

k=1

(1− p−s
k ) =

∑

pk!n,k=1,...,N

1

ns
= 1 +

1

pN+1
s
+ . . .

Ώ͑ʹɼূ໌͞Εͨɽ
ζ(s)

∏

p:prime

(1− p−s) = 1.

15
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໋ 4.5. f(z) :=
∞∑

n=−∞

1

(z − n)2
ɼC − Z = {z ∈ C | z /∈ Z}ͷͯ͢ͷίϯύΫτ

෦ू߹্ͰҰ༷ઈରऩଋ͠ɼ

f(z) =
( π

sinπz

)2

ͱͳΔɽ

ূ໌. R > 0 Λݻఆ͠ɼࣗવ N Λ N ≥ 2R Λຬͨ͢Α͏ʹऔΔɽ|z| ≤ R ͱ n ≥ N

ʹରͯ͠ɼ
1

|z − n|2 ≤ 1

n2

1

|1− z/n|2 ≤ 1

n2

1

(1− |z/n|)2 ≤ 1

4

1

n2

͕ΓཱͭɽͳͥͳΒɼ|z/n| ≤ R/n ≤ R/2R ≤ 1/2͔ͩΒɽΑͬͯɼԼ͕هΓཱͭɽ

∞∑

n=1

1

|z − n|2 ≤
N−1∑

n=1

1

|z − n|2 +
∞∑

n=N

4

n2
.

∑∞
n=1

1
n2 ऩଋ͢ΔͷͰɼf(z)ɼC − Z = {z ∈ C | z /∈ Z}ͷͯ͢ͷίϯύΫτ෦

ू߹্ͰҰ༷ઈରऩଋ͠ɼ༗ཧؔܕΛఆٛ͢ΔɽॳΊʹɼҎԼ͕֬ೝͰ͖Δɽ

1. f(z + 1) = f(z).

2. f  z = n (n ∈ Z)ʹ͓͍ͯɼҐ̎ͷۃΛͪɼͦͷओཁ෦ 1/(z − n)2ɽ

3. lim
|y|→∞

sup
|x|≤1/2

f(z) = 0.

ɼg(z)ʹ࣍ :=
( π

sinπz

)2
ͱ͓͘ɽ͢Δͱɼg(z)্هͷ 1,2 ͱ 3 Λຬͨ͢͜ͱ͕֬ೝͰ

͖Δɽޙ࠷ʹɼF (z) := f(z) − g(z)ͱ͓͘ɽF (z)༗քͳؔͱͳΔɽLiouville ͷ

ఆཧΑΓɼF (z)ఆؔͱͳΔɽlimy→∞ F (z) = 0ΑΓɼF (z) ≡ 0ͱͳΔɽ

ܥ 4.6.

ζ(2) =
∞∑

n=1

1

n2
=

π2

6
.

ূ໌. ໋ 4.5ʹ͓͍ͯɼz = 1/2ͱ͓͘ɽࠨล

∞∑

n=−∞

1

(1/2− n)2
=

∞∑

n=−∞

4

(2n− 1)2
=

∞∑

n=1

8

(2n− 1)2

ͱͳΓɼӈล (π/(sinπ/2))2 = π2 ͱͳΔɽΑͬͯɼ

∞∑

n=1

1

(2n− 1)2
=

π2

8
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ΛಘΔɽҎԼΛ༻͍Εɼ

ζ(2) =
∞∑

n=1

1

n2
=

∞∑

n=1

1

(2n)2
+

∞∑

n=1

1

(2n− 1)2
=

1

4
ζ(2) +

π2

8
,

ζ(2) =
4

3
· π

2

8
=

π2

6

ΛಘΔɽ

ܥ 4.7. h(z) :=
1

z
+

∞∑

n=1

( 1

z − n
+

1

z + n

)
ɼC − Z = {z ∈ C | z /∈ Z} ͷͯ͢ͷί

ϯύΫτ෦ू߹্ͰҰ༷ઈରऩଋ͠ɼh(z) = π cot(πz) ͱͳΔɽʢcot z = 1/(tan z)ʣ

ূ໌. ໋ 4.5ͷূ໌ͱಉ༷ʹɼh(z) C − Zͷͯ͢ͷίϯύΫτ෦ू߹্ͰҰ༷
ઈରऩଋ͠ɼ༗ཧؔܕΛఆٛ͢Δ͜ͱ͕ࣔͤΔɽh(z)Λඍͯ͠ɼԼهΛಘΔɽ

h′(z) = − 1

z2
−

∞∑

n=1

( 1

(z − n)2
+

1

(z + n)2

)

= −
∞∑

n=−∞

1

(z − n)2
= −

( π

sinπz

)2

=
d

dz
(π cotπz).

Αͬͯɼ͋Δఆ C Λ༻͍ͯɼh(z) = π cot(πz) + C ͱ͔͚Δɽh(−z) = −h(z) ͱ

cot(−z) = − cot(z)ΑΓɼC = −C ͱͳΔͷͰɼC = 0ɽ

ఆཧ 4.8.

sin(πz) = πz
∞∏

n=1

(
1− z2

n2

)
.

ূ໌. R > 0ͱ͠ɼ|z| ≤ Rͱ͢Δɽ͜ͷͱ͖ɼ

∞∑

n=1

∣∣∣
z2

n2

∣∣∣ ≤
∞∑

n=1

R2

n2
= R2

∞∑

n=1

1

n2
< ∞,

Ώ͑ʹɼҰ༷ઈରऩଋ͢ΔɽΑͬͯɼແੵݶ f(z) := πz
∞∏

n=1

(
1− z2

n2

)
ɼෳૉฏ໘શମ

Ͱਖ਼ଇؔΛఆٛ͢Δɽf(z)ͷରඍΛऔΕɼԼهΛಘΔɽ

f ′(z)

f(z)
=

1

z
+

∞∑

n=1

2z

z2 − n2
= π cotπz

=
(sinπz)′

sinπz
.

17



ୈ ��ท ����ެ։࠲ߨʢୈ �ʣ ɹɹɹ

ʢ͜͜Ͱɼܥ 4.7ΛͨͬʣɽΑͬͯɼ͋Δఆ C Λ༻͍ͯɼf(z) = C sinπz ͱ͔͚Δɽ

lim
z→0

f(z)

πz
= 1ΑΓɼC = 1ͱͳΔɽ

ܥ 4.9.

ζ(2) =
π2

6
, ζ(4) =

π4

90
.

ূ໌. ఆཧ 4.8ΑΓɼ

sinπz

πz
=

∞∏

n=1

(
1− z2

n2

)

= 1−
( ∞∑

n=1

1

n2

)
z2 +

(∑

n<k

1

n2k2

)
z4 − . . . (4.1)

ͱͳΔɽςΠϥʔల։Λ͑ߟΔͱɼ

sinπz

πz
=

∞∑

k=0

(−1)k

(2k + 1)!
(πz)2k = 1− π2

3!
z2 +

π4

5!
z4 − . . . (4.2)

ͱͳΔɽೋͭͷදࣔࣜͷ z2 ͷΛൺֱ͢ΔͱɼԼهΛಘΔɽ

∞∑

n=1

1

n2
=

π2

3!
=

π2

6
.

ೋͭͷදࣔࣜͷ z4 ͷΛൺֱ͢Δͱɼ

∑

n<k

1

n2k2
=

π4

5!
=

π4

120

ΛಘΔ͕ɼࣜ࣍ʹҙ͢Δͱɼ

2
∑

n<k

1

n2k2
+

∞∑

n=1

1

n4
=

∞∑

n=1

1

n2
·

∞∑

k=1

1

k2
=

π4

36
,

ͱͳͬͯɼԼهΛಘΔɽ
∞∑

n=1

1

n4
=

π4

36
− 2

π4

120
=

π4

90
.
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5 ΨϯϚؔ

ҎԼͷٞͰɼΨϯϚؔ Γ(s)ͷجຊతͳੑ࣭Λඞཁͱ͢Δɽඞཁͳੑ࣭Λ͜͜Ͱ

·ͱΊ͓ͯ͘ɽূ໌େͷʮෳૉղੳͷςΩετʯʹ͍ͯͬࡌΔɽྫ͑ɼ[4]ɼ[8]

ΛࢀরͤΑɽ

ఆٛ 5.1 (ΨϯϚؔ). Re(s) > 0ʹରͯ͠ɼҎԼͰఆٛ͢Δɽ

Γ(s) :=

∫ ∞

0
e−tts−1 dt = lim

R→∞

∫ R

0
e−tts−1 dt. (5.1)

ఆཧ 5.2. Γ(s)ෳૉฏ໘શମʹղੳଓ͞Εͯɼn ∈ Nʹରͯ͠ɼΓ(n) = (n− 1)!ͱ

ͳΓɼҎԼͷͰҰҐͷۃΛͭ࣋Ҏ֎ਖ਼ଇͱͳΔɽ

s = 0, −1, −2, −3, . . .

·ͨɼs = −nͰͷཹ (−1)n/n!ͱͳΔɽҎԼͷදࣔ

Γ(s) = lim
n→∞

ns n!

s(s+ 1)(s+ 2) . . . (s+ n)
for s *= 0, −1, −2, . . .

ͱੵެࣜ
1

Γ(s)
= seγs

∞∏

n=1

(
1 +

s

n

)
e−

s
n for all s ∈ C (5.2)

Λͭ࣋ɽ͜͜Ͱɼγ ΦΠϥʔͷఆͰ͋Δɽ͜ͷແੵݶͯ͢ͷ sʹରͯ͠ऩଋ͢Δ

ͷͰɼΓ(s)ܾͯ͠ྵʹͳΒͳ͍ɽΨϯϚؔೋͭͷؔࣜΛຬͨ͢ɽ

Γ(s+ 1) = sΓ(s), Γ(s)Γ(1− s) =
π

sinπs
for all s. (5.3)

ͯ͢ͷ sͱm ≥ 1ʹରͯ͠ɼ๏ެࣜ (multiplication formula)͕Γཱͭɽ

Γ(s)Γ
(
s+

1

m

)
. . .Γ

(
s+

m− 1

m

)
= (2π)

m−1
2 m

1
2−msΓ(ms). (5.4)

ܥ 5.3.
Γ′(1) = −γ.

x > 0ʹରͯ͠ɼ
d2

dx2
logΓ(x) =

∞∑

n=0

1

(n+ x)2
.
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ূ໌. Γ(x)ͷੵެࣜͷ྆ลͷରඍΛͱΕɼ

−Γ′(x)

Γ(x)
= γ +

1

x
+

∞∑

n=1

( 1
n

1 + x
n

− 1

n

)

ͱͳΔɽΑͬͯɼ
Γ′(x)

Γ(x)
= −γ − 1

x
+

∞∑

n=1

(
1

n
− 1

x+ n

)

͕ಘΒΕΔɽx = 1ͱ͢ΕɼΓ′(1) = −γ ͕ಘΒΕΔɽҰํɼxʹؔͯ͠ඍ͢ΕɼԼ

ΛಘΔɽه
d2

dx2
logΓ(x) =

∞∑

n=0

1

(n+ x)2
.

6 ϙΞιϯެࣜͱ ζ(s)ͷؔࣜ

߸ه

C(R) := {f : R → C,࿈ଓ }.
L1(R) := {f : R → C,Մଌ |

∫∞
−∞ |f(x)| dx < ∞}.

f̂(y) :=
∫∞
−∞ f(x)e−2πixy dx ɿf ͷϑʔϦΤมɽ (f ∈ L1(R))

ఆཧ 6.1 (ϙΞιϯެࣜ). f ∈ C(R)∩L1(R)ͱ͢Δɽ
∑

n∈Z
f(x+ n)͕ Rͷͯ͢ͷί

ϯύΫτ෦ू߹ͰҰ༷ઈରऩଋ͠ɼ
∑

m∈Z
f̂(m) ͕ઈରऩଋ͢ΔͱԾఆ͢Δɽ͜ͷͱ͖ɼ

ͷ͕ࣜΓཱͭɽ࣍ ∑

n∈Z
f(n) =

∑

m∈Z
f̂(m).

ূ໌. F (x) :=
∑

n∈Z
f(x+ n)ͱ͓͘ɽԾఆΑΓɼF (x) R্ͷ࿈ଓؔͱͳΔɽF (x+

1) = F (x)ΑΓɼF (x)ϑʔϦΤڃͰ͔͚Δɽ

F (x) =
∑

m∈Z
ame2πimx.

ʢF ∈ L2(R/Z) ͱ {e2πimx |m ∈ Z} ͕ɼL2(R/Z)ͷશਖ਼نަܥʹͳΔ͜ͱʹҙͤ
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ΑɽʣϑʔϦΤ am Λ͢ࢉܭΔͱɼԼهΛಘΔɽ

am =

∫ 1

0
F (x)e−2πimx dx =

∫ 1

0

∑

n∈Z
f(x+ n)e−2πimx dx

=

∫ ∞

−∞
f(x)e−2πimx dx = f̂(m).

͜͜Ͱɼ ∑

m∈Z

∣∣∣f̂(m)e2πimx
∣∣∣ =

∑

m∈Z
|f̂(m)| < ∞

ΑΓɼ͜ͷϑʔϦΤڃ R্ͷ࿈ଓؔͱͳΔɽΑͬͯɼR্ͷ xͷ࿈ଓؔͱͯ͠

ͷԼهͷࣜΛಘΔɽ ∑

n∈Z
f(x+ n) =

∑

m∈Z
f̂(m)e2πimx.

ͷࣜͰɼxه্ = 0 ͱ͢Εূ໌͞ΕΔɽ

• t > 0Λݻఆ͠ɼf(x) = e−πtx2

Λ͑ߟΔɽʢ͜ͷ f(x)ఆཧ 6.1ͷԾఆΛຬͨ͢ɽʣ

͜ͷͱ͖ɼϑʔϦΤมΛ͢ࢉܭΔͱ

f̂(y) =

∫ ∞

−∞
e−πtx2

e−2πixy dx =

∫ ∞

−∞
e−πt(x+iy/t)2e−πy2/t dx

= e−πy2/t

∫ ∞

−∞
e−πtx2

dx = e−πy2/t 1√
πt

∫ ∞

−∞
e−x2

dx

=
1√
t
e−

πy2

t .

ఆཧ 6.2. ∑

n∈Z
e−πn2t =

1√
t

∑

m∈Z
e−

πm2

t .

ϕ(t) :=
∞∑

n=1

e−πn2t ͱ͓͘ɽ࣍ͷܥΛಘΔɽ

ܥ 6.3.

2ϕ(t) + 1 =
1√
t

(
2ϕ
(1
t

)
+ 1
)
.

্ͷܥΛ༻͍ͯɼζ(s)ͷؔࣜΛূ໌͢Δɽ

ઌͣɼRe(s) > 0ͷͱ͖ͷҎԼͷΨϯϚؔͷੵදࣔΛ͍ࢥग़͢ɿ

Γ
(s
2

)
=

∫ ∞

0
e−xxs/2−1 dx.
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x = πn2tͱ͓͘ͱɼ

Γ
(s
2

)
=

∫ ∞

0
e−πn2t(πn2t)s/2

dt

t
,

ͭ·Γ

π−s/2n−sΓ
(s
2

)
=

∫ ∞

0
e−πn2tts/2

dt

t
.

Re(s) > 1ͷͱ͖ɼ্ͷࣜͰ n = 1͔Β∞·Ͱ͢ͱɼ

π−s/2Γ
(s
2

)
ζ(s) =

∫ ∞

0

∞∑

n=1

e−πn2tts/2
dt

t

=

∫ ∞

0
ϕ(t) ts/2

dt

t
.

• ξ(s) := π−s/2Γ
(s
2

)
ζ(s)ͱ͓͘: උϦʔϚϯθʔλؔɽ

ੵ
∫∞
0 =

∫ 1
0 +

∫∞
1 ͱׂ͢Δͱ:

ξ(s) =

∫ ∞

1
ϕ(t) ts/2

dt

t
+

∫ 1

0
ϕ(t) ts/2

dt

t
=: ξ1(s) + ξ2(s).

t = 1/y ͱ͓͍ͯɼξ2(s)Λม͢ܗΔͱɼ

ξ2(s) =

∫ 1

∞
ϕ(1/y) y1−s/2(− 1

y2
) dy =

∫ ∞

1
ϕ(1/y) y−1−s/2 dy.

ϕ(t)ʹ͍ͭͯͷܥ 6.3Λ͏ɽԼهͷࣜɿ

ϕ(1/t) = t
1
2ϕ(t) +

1

2
t
1
2 − 1

2

Λ ξ2(s)ʹೖ͢Δͱɼ

ξ2(s) =

∫ ∞

1
ϕ(t) t

1−s
2

dt

t
+

1

2

∫ ∞

1

(
t
1−s
2 − t−

s
2

)dt
t

=

∫ ∞

1
ϕ(t) t

1−s
2

dt

t
+

1

2

[
t
1−s
2

1−s
2

− t−
s
2

− s
2

]∞

1

=

∫ ∞

1
ϕ(t) t

1−s
2

dt

t
− 1

1− s
− 1

s
.

ʢޙ࠷ͷࣜͰɼRe(s) > 1 ʹҙͤΑɽʣ

ͷੵදࣔΛಘΔɽهऴతʹɼξ(s)ʹର͢ΔԼ࠷
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໋ 6.4. Re(s) > 1ʹରͯ͠ɼ

ξ(s) =

∫ ∞

1
ϕ(t)

{
t
s
2 + t

1−s
2

} dt

t
− 1

s(1− s)
. (6.1)

ิ 6.5. ఆੵ ∫ ∞

1
ϕ(t) tα

dt

t

ɼҙͷෳૉ αʹରͯ͠ɼઈରऩଋ͢Δɽ

ূ໌. ҙͷෳૉ αΛͱΔɽϕ(t)ͷҰ༷ऩଋੑΑΓɼ

lim
t→∞

ϕ(t) tα+1 = lim
t→∞

tα+1
∞∑

n=1

e−πn2t = 0

ͱͳΔɽΑͬͯɼҙͷ t > 0ʹରͯ͠ɼ͋ΔM > 0͕ଘͯ͠ࡏɼ|ϕ(t)tα+1| < M ͱͳ

ΔɽΑͬͯɼ
∫ ∞

1

∣∣∣φ(t) tα
∣∣∣
dt

t
=

∫ ∞

1

∣∣∣φ(t) tα+1
∣∣∣
dt

t2

< M

∫ ∞

1

dt

t2
= M

[
−1

t

]∞
1

= M < ∞

ͱͳΓɼূ໌͕ऴΘΔɽ

্ͷิΑΓɼ(6.1)ͷӈลͷੵɼҙͷ s ∈ Cʹରͯ͠ɼઈରऩଋ͢Δɽ͞Βʹɼ
(6.1)ͷӈลɼsͱ 1− sΛೖΕସ͑ͯෆมͰ͋Δɽ

ఆཧ 6.6 (Riemann 1859). 1. Re(s) > 1ʹରͯ͠ɼζ(s) =
∞∑

n=1

1

ns
ઈରऩଋͯ͠ɼ

ͦ͜Ͱਖ਼ଇͱͳΔɽζ(s)ෳૉฏ໘શମʹղੳଓ͞Εͯɼs = 1ͰͷҰҐͷۃΛ

আ͍ͯਖ਼ଇͱͳΔɽ

2. ξ(s) := π−s/2Γ
(s
2

)
ζ(s)ͱ͓͘ͱɼξ(s)ؔࣜΛຬͨ͢ɽ

ξ(1− s) = ξ(s).

ఆཧ 6.7 (Euler). s *= 0, 1ʹରͯ͠ɼ

ζ(1− s) = 2(2π)−sΓ(s) cos
(πs

2

)
ζ(s).

ূ໌. ఆཧ 6.6ΑΓɼ

π−s/2Γ
(s
2

)
ζ(s) = π−(1−s)/2Γ

(1− s

2

)
ζ(1− s).
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྆ลʹ π(1−s)/2Γ
(s+ 1

2

)
Λֻ͚ΔͱɼҎԼΛಘΔɽ

π1/2π−sΓ
(s
2

)
Γ
(s+ 1

2

)
ζ(s) = Γ

(1− s

2

)
Γ
(1 + s

2

)
ζ(1− s). (6.2)

ΨϯϚؔͷഒެࣜ (5.4)ΑΓɼ(m = 2)

Γ
(s
2

)
Γ
(s
2
+

1

2

)
= π1/221−sΓ(s),

ΨϯϚؔͷ૬ิެࣜ (5.3)ΑΓɼ

Γ
(1− s

2

)
Γ
(
1− 1− s

2

)
=

π

sin(π(1− s)/2)
=

π

cos(πs/2)

͕ಘΒΕΔɽ͜ΕΒΛ (6.2)ʹೖ͢ΕɼఆཧͷओுΛಘΔɽ

ఆཧ 6.8. 1. ζ(0) = “1 + 1 + 1 + . . . ” = − 1
2

2. ζ(−1) = “1 + 2 + 3 + . . . ” = − 1
12

3. ζ(−2) = “12 + 22 + 32 + . . . ” = 0

4. ζ(−3) = “13 + 23 + 33 + . . . ” = 1
120

ূ໌. ԼهͷؔࣜΛ༻͍Δɿ

ζ(1− s) = 2(2π)−sΓ(s) cos
(πs

2

)
ζ(s). (6.3)

(i) (6.3)Ͱɼ ݶۃ s → 1ΛऔΔɿ

lim
s→1

ζ(s− 1) = lim
s→1

{
2(2π)−sΓ(s)

cos(πs/2)

s− 1
(s− 1)ζ(s)

}

= 2(2π)−1Γ(1)(−π/2) · 1 = −1

2
.

(ii) (6.3) Ͱ s = 2ͱ͢Δɿ

ζ(−1) = 2(2π)−2Γ(2) cos(π)ζ(2) = 2(4π2)−1(−1)π2/6 = − 1

12
.

(iii) (6.3) Ͱ s = 3ͱ͢Δɿ

ζ(−2) = 2(2π)−3Γ(3) cos(3π/2)ζ(3) = 0.

ʢcos(3π/2) = 0ʹҙʣ

(iv) (6.3) Ͱ s = 4ͱ͢Δɿ

ζ(−3) = 2(2π)−4Γ(4) cos(2π)ζ(4) = 2(16π4)−1 · 3! · π4/90 =
1

120
.
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7 ζ(s)ͷಛघͱϕϧψΠ

ҎԼͷ໋͔Β࢝ΊΔɽ

໋ 7.1. ͋Δ r > 0͕ଘͯ͠ࡏɼ|z| < r ʹରͯ͠ɼԼ͕هΓཱͭɽ

πz cotπz = 1− 2
∞∑

m=1

ζ(2m) z2m.

ূ໌. ܥ 4.7ΑΓɼ

πz cotπz = 1 +
∞∑

n=1

2z2

z2 − n2
= 1−

∞∑

n=1

2( zn )
2

1− ( zn )
2

= 1− 2
∞∑

n=1

∞∑

m=1

( z
n

)2m
= 1− 2

∞∑

m=1

[ ∞∑

n=1

1

n2m

]
z2m

= 1− 2
∞∑

m=1

ζ(2m) z2m.

ఆٛ 7.2 (ϕϧψΠ). ϕϧψΠ Bn (n = 0, 1, 2, 3, . . . ) ΛԼهͰఆٛ͢Δɽ

x

ex − 1
=

∞∑

n=0

Bn

n!
xn.

ྫɿ

B0 = 1, B1 = −1

2
, B2 =

1

6
, B4 = − 1

30
,

B4 =
1

42
, B6 = − 1

30
, B10 = − 5

66
,

B2n+1 = 0 (n = 0, 1, 2, . . . )

ͯ͞

f(z) :=
z

ez − 1
+

z

2
=

z(ez + 1)

2(ez − 1)
=

z

2
· e

z/2 + e−z/2

ez/2 − e−z/2

ͱ͓͘ɽf(−z) = f(z) Ͱ f(z) z = 0Ͱਖ਼ଇͰ͋ΔɽΑͬͯɼ

z

ez − 1
+

z

2
= 1 +

∞∑

n=1

B2n

(2n)!
z2n
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ͱͳΓɼ͜ͷࣜͰ z Λ 2πiz Ͱஔ͖ͯ͑ɼ໋ 7.1Λ͑ɼ

πiz
eπiz + e−πiz

eπiz − e−πiz
= πz

cosπz

sinπz
= πz cotπz

= 1 +
∞∑

n=1

B2n

(2n)!
22nπ2n(−1)nz2n

= 1−
∞∑

n=1

(−1)n−1B2n

(2n)!
22nπ2nz2n

= 1−
∞∑

n=1

ζ(2n)z2n

ΛಘΔɽ

Ҏ্ʹΑΓɼԼ͞໌ূ͕هΕͨɽ

ఆཧ 7.3. n ∈ Nʹରͯ͠ɼԼ͕هΓཱͭɽ

ζ(2n) =
(−1)n−122n−1B2n

(2n)!
π2n.

ಛʹɼԼ͕هΓཱͭɽ

ζ(2) =
π2

6
, ζ(4) =

π4

90
, ζ(6) =

π6

945
, ζ(8) =

π8

9450
, ζ(10) =

π10

93555
, ζ(12) =

691π12

638512875
, . . .

ɼζ(s)ͷؔࣜʹ͓͍ͯɿʹ࣍

ζ(1− s) = 2(2π)−sΓ(s) cos

(
πs

2

)
ζ(s),

s = 2n (n ∈ N)ͱ͓͘ͱɼ

ζ(1− 2n) = 2(2π)−2nΓ(2n) cos(πn)ζ(2n)

= 2(2π)−2n(2n− 1)!(−1)n
(−1)n−122n−1B2n

(2n)!
π2n

= −B2n

2n
.

·ͨɼؔࣜͰ s = 2n+ 1ͱ͓͘ͱɼ

ζ(−2n) = 2(2π)−2n−1Γ(2n+ 1) cos(nπ + π/2)ζ(2n+ 1)

= 0.

͜͜Ͱɼcos(nπ + π/2) = 0Λ༻͍ͨɽҎ্Λ·ͱΊͯɼ
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ఆཧ 7.4. n ∈ Nʹରͯ͠ɼ

ζ(1− 2n) = −B2n

2n
, ζ(−2n) = 0

͕Γཱͭɽ

໋ 7.5.

lim
s→1

(
ζ(s)− 1

s− 1

)
= γ,

lim
s→1

(
ζ ′(s)

ζ(s)
+

1

s− 1

)
= −γ.

͜͜Ͱɼγ ΦΠϥʔఆͰ͋Δɽ

ূ໌. Re(s) > 0 ͔ͭ s *= 1ʹ͓͚Δ ζ(s)ͷੵදࣔ (3.6)ɿ

ζ(s) =
s

s− 1
+ s

∫ ∞

1

(
[t]− t

)
t−s−1 dt,

Λ༻͍ΔͱɼԼهͷΑ͏ʹࢉܭͰ͖Δɽ

lim
s→1

(
ζ(s)− 1

s− 1

)
= 1−

∫ ∞

1

t− [t]

t2
dt = γ.

ͷࣜɼఆཧޙ࠷ 3.4Ͱࣔ͞Εͨɽ

Ұํɼs = 1ͷۙͰਖ਼ଇͰɼg(1) = 1ͳΔؔ g(s)͕ଘ͠ࡏ

ζ(s) =
g(s)

s− 1

ΛΈͨ͢ɽ྆ลͷରඍΛऔΓɼݶۃΛऔΔɽ

lim
s→1

(
ζ ′(s)

ζ(s)
+

1

s− 1

)
= lim

s→1

g′(s)

g(s)
.

͜͜Ͱɼ

g(s) = (s− 1)ζ(s) = (s− 1)

{
1

s− 1
+ γ +O(s− 1)

}

= 1 + γ(s− 1) +O((s− 1)2),

ΑΓɼg′(s) = γ +O(s− 1)ͳͷͰɼ

g′(s)

g(s)
=

γ +O(s− 1)

1 + γ(s− 1) +O((s− 1)2)
→ γ (s → 1)

ͱͳΔɽ
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ఆཧ 7.6.

ζ ′(0) = −1

2
log(2π).

ূ໌. Լهͷؔࣜͷ྆ลʹɼΓ(1− s)Λֻ͚ͯɼ

ζ(1− s) = 2(2π)−sΓ(s) cos

(
πs

2

)
ζ(s),

ެࣜ (5.3)ɿ

Γ(s)Γ(1− s) =
π

sinπs
=

π

2

1

sin(πs/2) cos(πs/2)
,

Λ͏ͱɼԼهΛಘΔɽ

ζ(s) = (2π)s−1Γ(1− s)2 sin

(
πs

2

)
ζ(1− s).

−ɼ(sʹ࣍ 1)Λֻ͚ͯɼ྆ลͷରඍΛऔΔͱɼ

ζ ′(s)

ζ(s)
+

1

s− 1
= log(2π)− Γ′(2− s)

Γ(2− s)
+

π

2

cos(πs/2)

sin(πs/2)
− ζ ′(1− s)

ζ(1− s)

ͱͳΔɽs → 1ͱͯ͠ɼઌͷ໋ͱܥ 5.3ΑΓɼΓ′(1) = −γ Λ͏ͱɼ

ζ ′(0) = ζ(0) · log(2π) = −1

2
log(2π)

ΛಘΔɽ

8 θʔλਖ਼نԽੵ

a = {an}∞n=1 Λਖ਼ͷ࣮͔ΒͳΔྻͱ͢Δɽ

ఆٛ 8.1 (aͷθʔλؔ).

ζa(s) :=
∞∑

n=1

a−s
n for Re s 0 0. ʢRe s͕ेେ͖͍ͱ͖ʣ

͜͜Ͱɼa−s
n := exp(−s log an) = e−s log an Ͱ͋Δɽ

•[Ծఆ] ζa(s) ͕ɼs = 0 ΛؚΉ͋ΔྖҬ·Ͱղੳଓ͞Εͯɼs = 0 Ͱਖ਼ଇͱԾఆ

͢Δɽ

28



ɹɹɹ ����ެ։࠲ߨʢୈ �ʣ ୈ ��ท

ఆٛ 8.2 (θʔλਖ਼نԽੵ). ྻ a ্͕ͷԾఆΛຬͨ͢ͱ͖ɽa ͷਖ਼نԽੵΛԼهͰఆٛ

͢Δɽ
∞∏∐

n=1

an := exp
(
− ∂

∂s
ζa(s)

∣∣∣
s=0

)
.

ҙɽ a = {a1, . . . , aN} ͕༗ྻݶͷͱ͖ɼζa(s) = a−s
1 + · · ·+ a−s

N ͱͳΓɼ

− ∂

∂s
ζa(s)

∣∣∣
s=0

= log a1 + · · ·+ log aN = log(
N∏

i=1

ai)

ͱͳΔɽΑͬͯɼ͜ͷͱ͖

exp
(
− ∂

∂s
ζa(s)

∣∣∣
s=0

)
=

N∏

i=1

ai

ͱͳΓɼ࣮ͷʢ௨ৗͷʣੵʹͳΔɽ

ఆཧ 8.3 (Riemann 1859).

∞! :=
∞∏∐

n=1

n =
√
2π.

ূ໌. a = {an = n}ʹରͯ͠ɼ ζa(s) = ζ(s)ϦʔϚϯθʔλؔʹͳΔɽΑͬͯɼ

− ∂

∂s
ζa(s)

∣∣∣
s=0

= − ∂

∂s
ζ(s)

∣∣∣
s=0

= −ζ ′(0) =
1

2
log(2π)

ͱͳΔɽҎ্ΑΓɼ
∞∏∐

n=1

n = exp(−ζ ′(0)) =
√
2π

ͱͳΔɽ

ఆཧ 8.4.
∞∏∐

n=1

(2n− 1) =
√
2,

∞∏∐

n=1

(2n) =
√
π.

ূ໌. ζ1(s) :=
∞∑

n=1

1

(2n− 1)s
ͱ͓͘ɽζ1(s)+2−sζ(s) = ζ(s)ΑΓɼζ1(s) = (1−2−s)ζ(s)

ͱͳΔͷͰɼ
ζ ′1(s) = log 2 · 2−sζ(s) + (1− 2−s)ζ ′(s).

Αͬͯɼ

−ζ ′1(0) = − log 2ζ(0) =
1

2
log 2,
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ͱͳΔͷͰɼ
exp(−ζ ′1(0)) =

√
2

ͱͳΔɽ࣍ʹɼζ2(s) :=
∞∑

n=1

1

(2n)s
= 2−sζ(s)ͱ͓͘ɽ͜ͷͱ͖ɼ

ζ ′2(s) = − log 2 · 2−sζ(s) + 2−sζ ′(s)

ͱͳΓɼ

−ζ ′2(0) = log 2 · ζ(0)− ζ ′(0) = −1

2
log 2 +

1

2
log(2π) =

1

2
log π,

ͱͳΔͷͰɼ
exp(−ζ ′2(0)) =

√
π.

ఆٛ 8.5 (ϑϧϏοπθʔλؔ). ࣮ x > 0 ͱ Re(s) > 1ͳΔ s ∈ Cʹରͯ͠ɼ
ϑϧϏοπθʔλؔɼҎԼͰఆٛ͞ΕΔɽ

ζ(s, x) :=
∞∑

n=0

1

(n+ x)s
.

• ζ(s, 1) = ζ(s)ɿϦʔϚϯθʔλؔɽ

ζ(s, x)ɼsͷؔͱͯ͠ෳૉฏ໘શମʹղੳଓ͞Εͯɼs = 1Ͱͷཹ 1ͷҰҐͷۃ

Λআ͍ͯɼਖ਼ଇͱͳΔɽ

ఆཧ 8.6 (Lerch 1894).
∞∏∐

n=0

(n+ x) =

√
2π

Γ(x)
,

ͭ·ΓɼҎԼ͕Γཱͭɽ

− ∂

∂s
ζ(s, x)

∣∣∣∣
s=0

= log

√
2π

Γ(x)
.

ূ໌. ͡ΊʹɼҎԼʹҙ͢Δɽ

∂2

∂x2
ζ(s, x) =

∞∑

n=0

s(s+ 1)

(n+ x)s+2
= s(s+ 1)ζ(s+ 2, x).
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͞Βʹɼsʹؔͯ͠ඍͯ͠ɼs = 0Λೖ͢Δͱɼ

∂3

∂s∂x2
ζ(s, x)

∣∣∣∣
s=0

=

{
(2s+ 1)ζ(s+ 2, x) + s(s+ 1)

∂

∂s
ζ(s+ 2, x)

}∣∣∣∣
s=0

= ζ(2, x) =
∞∑

n=0

1

(n+ x)2
.

ɼf(x)ʹ࣍ :=
∂

∂s
ζ(s, x)

∣∣∣∣
s=0

− logΓ(x) ͱ͓͘ɽ͢Δͱɼܥ 5.3 ΑΓɼf ′′(x) = 0 ͱͳ

ΔɽΑͬͯɼఆ a, bΛ༻͍ͯɼf(x) = ax+ bͱ͔͚Δɽ

f(x)͕ఆɼͭ·Γ a = 0Λࣔ͢ɽ

f(x+ 1) =
∂

∂s
ζ(s, x+ 1)

∣∣∣∣
s=0

− logΓ(x+ 1)

=
∂

∂s
ζ(s, x)

∣∣∣∣
s=0

− (− log x)− logΓ(x)− log x

= f(x).

Αͬͯɼ a(x + 1) + b = ax + bͱͳΓɼa = 0͕ࣔͤͨɽޙ࠷ʹɼbΛܾΊΔɽf(1/2)

Λ͢ࢉܭΔɽ

f
(1
2

)
= ζ ′

(
0,

1

2

)
− logΓ

(1
2

)
.

Γ(1/2) =
√
π ͱ

ζ
(
s,

1

2

)
=

∞∑

n=0

(
n+

1

2

)−s
=

∞∑

n=0

2s

(2n+ 1)s

= 2s(1− 2−s) ζ(s) = (2s − 1) ζ(s)

Ͱ͋Δɽఆཧ 8.4ʹ͓͍ͯɼ
∑∞

n=0(2n+ 1)−s = ζ1(s)ͩͬͨͷͰɼ

ζ ′
(
0,

1

2

)
= log 2 · ζ(0) + {(2s − 1)ζ ′(s)}

∣∣∣
s=0

= −1

2
log 2

ͱͳΔɽҎ্ΑΓɼ

b = −1

2
log 2− log

√
π = −1

2
log(2π)

ͱͳΔͷͰɼ

− ∂

∂s
ζ(s, x)

∣∣∣∣
s=0

= − logΓ(x) +
1

2
log(2π)

= log

√
2π

Γ(x)
,
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ͱ͞ࢉܭΕͯɼ
∞∏∐

n=0

(n+ x) =

√
2π

Γ(x)

ͱͳΔɽ

9 ηϧόʔάθʔλؔ

ɿ߸ه

• SL(2,R) =
{(

a b
c d

)
| a, b, c, d ∈ R, ad− bc = 1

}

ɿಛघઢ܈ܗʢྻߦͷੵͰ܈ʹͳΔɼ࣮Ϧʔ܈ʣ

• G = PSL(2,R) = SL(2,R)/{±
(
1 0
0 1

)
}

• H = {z ∈ C | Im z > 0}ɿ্ฏ໘
• Γ ⊂ GɿίίϯύΫτͳτʔγϣϯͷͳ͍ࢄ෦܈

͜ͷͱ͖ɼۭؒ X = Γ\H छ g ≥ 2 ͷίϯύΫτϦʔϚϯ໘ͱͳΔɽʢG  H ʹ
Ұ࣍ม g.z = az+b

cz+d Ͱ࡞༻͠ɼH ্ͷ G-ෆมϋʔϧଌ dµ(z) := dxdy/y2 ͱ

ͳΔɽʣ

ηϧόʔάθʔλؔͱʁ

• R ⊃ Z ⊃ {p | pૉ } # ζ(s) =
∏

p(1− p−s)−1ɿϦʔϚϯθʔλؔ

• PSL(2,R) ⊃ Γ ⊃ Prim(Γ)ɿ࢝ݪతڞۂྨ# ZΓ(s)ɿηϧόʔάθʔλؔ

γ ∈ ΓΛۂతͳݩɼͭ·Γ | tr(γ)| > 2ͱ͢Δͱɼγ ͷ Γʹ͓͚Δத৺Խ܈ແݶ८

ճ܈ʹͳΓɼγ  Gʹ͓͍ͯɼԼهͷݩͱڞʹͳΔɽʢ͋Δ g ∈ G͕ଘͯ͠ࡏɼgγg−1

͕Լهͷର֯ྻߦʹͳΔɽʣ

γ ∼
( N(γ)1/2 0

0 N(γ)−1/2

)
ͨͩ͠ N(γ) > 1.

Prim(Γ) := {[δ] | δ ∈ Γ, δ ݩۂత࢝ݪ͕ }Λ Γͷ࢝ݪతݩۂͷ Γ-ڞྨͷू߹ͱ

͢Δɽʢ͜͜Ͱɼ[δ] = {γδγ−1 | γ ∈ Γ}Ͱɼ࢝ݪతݩۂͱଞͷݩۂͷ͖Ͱ͔͚ͳ
͍ݩۂͷ͜ͱɽʣ

• রɽࢀɼ[6]Λ͍ͯͭʹޠ༺ʯͷઐ܈ྨͳͲͷʮڞɼڞɼ༺࡞ɼ܈ɼ෦܈

ఆٛ 9.1 (ηϧόʔάθʔλؔ). Γ ʢ·ͨ Xʣ ʹର͢Δηϧόʔάθʔλؔɼ
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ԼهͷΦΠϥʔੵͰఆٛ͞ΕΔɽ

ZΓ(s) :=
∏

p∈Prim(Γ)

∞∏

k=0

(
1−N(p)−(k+s)

)
for Re(s) > 1.

Selberg  ZΓ(s)ʹ͍ͭͯԼهͷఆཧΛূ໌ͨ͠ɽ

ఆཧ 9.2 (Selberg 1956, [12]). 1. Re(s) > 1ʹରͯ͠ఆٛ͞Εͨ ZΓ(s) Cશମʹ
༗ཧؔܕͱͯ͠ղੳଓ͞ΕΔɽʢ࣮ࡍɼؔʹͳΔʣɽ

2. ZΓ(s) s = −k (k ∈ N)ʹɼҐ (2g − 2)(2k + 1)ͷྵΛͪ࣋ɼ

s = 0ʹɼҐ 2g − 1ͱ s = 1ʹɼҐ 1ͷྵΛͭ࣋ ɿࣗ໌ྵɽ

3. ZΓ(s) s = 1
2 ± irn ʹ͓͍ͯྵΛͭ࣋ ɿඇࣗ໌ྵ

͜͜ͰɼL2(Γ\H) = {f : H → C,Մଌ | f(γz) = f(z) ∀γ ∈ Γ,
∫
Γ\H |f(z)|2 dµ(z) < ∞}

ΔϥϓϥγΞϯ͢༺࡞ʹ ∆0 = −y2( ∂2

∂x2 + ∂2

∂y2 )ͷݻ༗ͷू߹Λ {λn = 1/4 + r2n}∞n=0

ͱ͓͍ͨɽʢϕn(z)͕ n൪ͷݻ༗ؔɽ⇐⇒ ∆0ϕn = λnϕnɽʣ

͜ͷθʔλؔ ZΓ(s)ԼهͷؔࣜΛຬͨ͢ɿ

ఆཧ 9.3 (SelbergʹΑΔؔࣜ 1956, [12]).

ZΓ(1− s) = ZΓ(s) exp
(
− 4(g − 1)π

∫ s− 1
2

0
r tan(πr) dr

)
.

͜ͷؔࣜೋॏΨϯϚؔΛͯͬɼରশͳؔࣜʹॻ͖͢͜ͱ͕ग़དྷΔɽ

ẐΓ(1− s) = ẐΓ(s) := ZΓ(s)
(
Γ2(s)Γ2(s+ 1)

)2g−2
.

͜͜ͰɼΓ2(z) = exp(ζ ′2(0, z))ೋॏΨϯϚؔͰ͋Γɼζ2(s, z) =
∑

n,m≥0(n+m+z)−s

ೋॏϑϧϏοπθʔλؔͰ͋Δɽ

Selbergͷఆཧ 9.2, 9.3ηϧόʔάެࣜʢʠඇՄϙΞιϯެࣜʡʣΛ༻͍ͯূ໌

͞ΕΔɽެࣜͷࠨลϥϓϥγΞϯͷݻ༗ʹΔͰɼʠεϖΫτϧลʡͱݺΕ͍ͯ

Δɽ·ͨɼެࣜͷӈล܈ࢄ ΓͷڞྨʹΔͰɼʠزԿֶతลʡͱݺΕ͍ͯΔɽ

Γhyp Λ Γͷۂతڞྨͷू߹ͱ͢Δɽۂతͳݩ γ ʹରͯ͠ɼγ0 Λத৺Խ܈ Zγ(Γ)

ͷੜݩͱ͢Δɽ
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ఆཧ 9.4 (ηϧόʔάެࣜɼhɿؔݧࢼ).

∞∑

n=0

h(rn) =
vol(Γ\H)

4π

∫ ∞

−∞
rh(r) tanh(πr) dr

+
∑

γ∈Γhyp

logN(γ0)

N(γ)1/2 −N(γ)−1/2
g(logN(γ)).

͜͜Ͱɼg(u) h(r)ͷϑʔϦΤมͰɼ্هͷެࣜɼԼهͷ݅Λຬͨؔ͢ݧࢼ

 h(r)ʹରͯ͠ূ໌Ͱ͖Δɽ·ͨɼtanh(z) = ez−e−z

ez+e−z Ͱ͋Δɽ

• h(r) = h(−r), h(r) | Im(r)| < 1
2 + δ (∃δ > 0)ʹ͓͍ͯղੳతɽ

• h(r) = O
(
(1 + |r|)−2−δ

)
(Re(r) → ∞)ɽ

• g(u) := 1
2π

∫∞
−∞ h(r)e−iru dr.

ηϧόʔάθʔλؔͷੑ࣭ʢఆཧ 9.2ɼ9.3ʣɼηϧόʔάެࣜʢఆཧ 9.4ʣΛ༻

͍ͯূ໌Ͱ͖ΔɽҎԼͰ͜ΕΛઆ໌͢Δɽ

࣮ β ≥ 2Λݻఆ͢ΔɽԼهͷؔݧࢼΛ͑ߟΔɽ

h(r) =
1

r2 + (s− 1
2 )

2
− 1

r2 + β2
,

͜ͷͱ͖ɼh(r)ηϧόʔάެࣜͷ݅Λຬͨ͢͜ͱ͕͔֬ΊΒΕΔɽh(r)ͷϑʔϦ

Τม

g(u) =
1

2s− 1
e−(s− 1

2 )|u| − 1

2β
e−β |u|,

ͱ͞ࢉܭΕΔͷͰɼԼهͷ໋ΛಘΔɽ

໋ 9.5. s ∈ C, Re(s) > 1ʹରͯ͠ɼԼ͕هཱ͢Δɽ

∞∑

n=0

[ 1

r2n + (s− 1
2 )

2
− 1

r2n + β2

]
=

vol(Γ\H)

2π

∞∑

k=0

[ 1

s+ k
− 1

β + 1
2 + k

]

+
1

2s− 1

Z ′
Γ(s)

ZΓ(s)
− 1

2β

Z ′
Γ(

1
2 + β)

ZΓ(
1
2 + β)

. (9.1)

ূ໌. I(s)Λ୯Ґ͔ݩΒͷد༩ͱ͢Δɽ

I(s) :=
vol(Γ\H)

4π

∫ ∞

−∞

[
1

r2 + (s− 1
2 )

2
− 1

r2 + β2

]
r tanh(πr) dr.

tanh(πr) = 1−e−2πr

1+e−2πr ʹҙͯ͠ɼཹఆཧͱ෦ղͷެࣜɿ

cot(πz) =
1

z
+
∑

n (=0

[
1

z − n
+

1

n

]
,
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Λ͑ɼԼهΛಘΔɽ

I(s) =
vol(Γ\H)

2π

∞∑

k=0

[
1

s+ k
− 1

β + 1
2 + k

]
.

ɼʹ࣍

H(s) :=
∑

γ∈Γhyp

logN(γ0)

N(γ)1/2 −N(γ)−1/2
e−(s− 1

2 ) logN(γ),

ͱ͓͘ͱɼۂతڞྨ͔Βͷد༩ɼҎԼͰ༩͑ΒΕΔɽ

1

2s− 1
H(s)− 1

2β
H(β + 1

2 ).

H(s)Λ͢ࢉܭΔͱɼ

H(s) =
∑

γ∈Γhyp

logN(γ0)

1−N(γ)−1
N(γ)−s

=
∞∑

k=1

∑

p∈Prim(Γ)

logN(p)

1−N(p)−k
N(p)−ks

=
∞∑

m=0

∞∑

k=1

∑

p∈Prim(Γ)

logN(p) ·N(p)−k(s+m)

=
d

ds

∑

p∈Prim(Γ)

∞∑

m=0

log
(
1−N(p)−(s+m)

)

=
d

ds
logZΓ(s).

͜ΕͰɼূ໌͞Εͨɽ

͜ͷ໋Λ͑ɼZΓ(s)ͷղੳతੑ࣭ɼͭ·Γఆཧ 9.2Λূ໌Ͱ͖Δɽ·ͨɼ(9.1)ͷ

ลࠨ sΛ 1− sʹஔ͖ͯ͑ෆมͰ͋Γɼ(9.1)ࣜͱ (9.1)Ͱ sΛ 1− sʹஔ͖ͨ͑

ࣜͱͷࠩΛ͑ߟΕɺԼهΛಘΔɽ

Z ′
Γ(s)

ZΓ(s)
+

Z ′
Γ(1− s)

ZΓ(1− s)
= −(2s− 1)

4π(g − 1)

2π
π cot(πs).

͜Ε͔Βɼఆཧ 9.3 ΛಘΔɽ
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