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Abstract

Finite element schemes based on the method of characteristics are considered for
the convection-diffusion equation. Those are proved to be stable, but in a real com-
putation some instability occurs. We reveal the cause of the discrepancy between
theory and real computation, and present a remedy to the instability.
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1 Introduction

In the numerical analysis of the non-stationary problem the stability of the
scheme is one of the most important issues. When a scheme is proved math-
ematically to be stable, we never imagine that overflow might occur in the
process of computation. In some real computation, however, such overflow
may take place. In this paper we show such an example of overflow and reveal
the cause of the instability. Since the scheme is proved to be stable, the ’ex-
act’ discrete solution of the scheme is bounded uniformly with respect to the
discretization parameter and overflow never occurs. The overflow may occur
for numerical solutions, which are not equal to the exact discrete solution but
are deteriorated by some reason.

The convection-diffusion equation is considered. We employ the characteristic
finite element method, which is a combination of characteristic method and the
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finite element method. This method has such nice properties that the linear
system to be solved is symmetric and that it is suitable for solving problems
described in the Lagrange coordinates [1]. The scheme includes a composite
function, which is not smooth on elements. In the real computation we have to
integrate the function on the elements. In the theoretical stability analysis the
integration is supposed to be done exactly, but in the real computation some
error is involved in the integration, which may cause numerical instability.
Thus discrepancy between theory and real computation occurs on the stability
of the scheme. We observe such situation numerically, investigate the effect of
errors, and present a remedy for the instability.

Throughout the paper we denote by || · || and (·, ·) the norm and the inner
product in L2(Ω), respectively.

2 A convection-diffusion problem and a numerical result

Let Ω be a bounded domain in Rd (d = 2, 3) and T be a positive constant.
We consider a convection-diffusion problem: find φ : Ω× (0, T ) → R such that

∂φ

∂t
+ u · ∇φ− ν∆φ = f, (x, t) ∈ Ω× (0, T ) (1a)

φ = 0, (x, t) ∈ ∂Ω× (0, T ) (1b)

φ = φ0, x ∈ Ω, t = 0 (1c)

where ν is a positive constant, u : Ω× (0, T ) → Rd, f : Ω× (0, T ) → R, and
φ0 : Ω → R are given functions.

Let us observe a numerical result of a rotating Gaussian hill problem, which
is defined in (1) by taking

d = 2, Ω = (−1, 1)× (−1, 1), T = 2π, u = (−x2, x1)
T , ν = 5× 10−4, f = 0,

φ0(x) = exp

(
−|x− xc|2

σ

)
, xc = (0.25, 0)T , σ = 0.01.

The initial state φ0 of a Gaussian hill rotates anticlockwise with a diffusion
effect ν. The function

φ(x, t) =
σ

σ + 4νt
exp

(
−|x− x̄(t; xc)|2

σ + 4νt

)
, x̄(t; xc) =




cos t − sin t

sin t cos t


 xc (2)

satisfies (1a) and (1c). Since it decays exponentially away from x̄(t; xc), the
value on the boundary ∂Ω is almost equal to zero. In fact, the maximum value
of φ on ∂Ω × [0, 2π] is about 6.62 × 10−12. Hence, the exact solution of this
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Fig. 1. Stereograph of φ0

Fig. 2. Stereograph of φ(·, 2π)

problem is almost equal to (2). Figs. 1 and 2 show the stereographs of φ0 and
φ(·, 2π), respectively. By the effect of diffusion the height of the hill decreases
from 1 to about 0.443 after one rotation.

In order to solve the problem numerically, we use a finite element scheme
based on the method of characteristics. Let Vh be the P1 finite element space
whose functions vanish on the boundary. Let ∆t be a time increment and
NT = bT/∆tc. The characteristics/finite element scheme of first order in time
increment for (1) is to find φn

h ∈ Vh, n = 1, ..., NT , such that

(
φn

h − φn−1
h ◦Xn

1

∆t
, ψh

)
+ ν (∇φn

h,∇ψh) = (Πhf
n, ψh) , ∀ψh ∈ Vh (3a)

φ0
h = Πhφ

0 (3b)

where Xn
1 (x) ≡ x − un(x)∆t and Πh is the interpolation operator to the P1

finite element space. φn−1
h ◦Xn

1 is a composite function defined by φn−1
h (Xn

1 ).
Scheme (3) is proved to be unconditionally stable in the next section. We now
observe a numerical result. Fig. 3 shows the stereograph of a finite element
solution of (3) at t ≈ 0.589. Since we could not solve the problem until t = 2π
because of overflow, we show the solution at the time before the overflow. In
Fig. 3 the solution is truncated between −2 and 2. Theoretically the scheme
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Fig. 3. Stereograph of a finite element solution by Ih(1)

(3) is unconditionally stable, but in a real computation we encountered an
overflow. What is the reason of the discrepancy between them? The cause is
revealed in the following section.

3 Finite element schemes based on the method of characteristics

Let X(t) be the position of particle in the velocity field u(x, t) at time t, which
satisfies the system of ordinary differential equations

dX

dt
(t) = u(X(t), t).

The idea of the method of characteristics is based on the property

(
∂φ

∂t
+ u · ∇φ

)
(X(t), t) =

d

dt
φ(X(t), t) ≈ φ(X(t), t)− φ(X(t−∆t), t−∆t)

∆t
.

By the backward Euler method we approximate

X(t−∆t) ≈ X(t)− u(X(t), t)∆t.

Replacing φ at time t = n∆t by φn
h in the finite element space Vh and using

the Gauss-Green theorem, we obatain the scheme (3). The right-hand side fn

and the initial function φ0 are interpolated by the projection Πh.
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Proposition 1 Suppose that there exists a constant c1 such that for any
φ ∈ L2(Ω) and n = 1, · · · , NT

||φ ◦Xn
1 || ≤ (1 + c1∆t)||φ||. (4)

Then, if ∆t ≤ 1/2, scheme (3) is L2-stable, i.e., there exists a positive constant
c = c(c1, T ) independent of ∆t and h such that

||φh||`∞(L2) ≡ max {||φn
h||; n = 0, · · · , NT} ≤ c


||φ0

h||+
√√√√∆t

NT∑

n=1

||Πhfn||2

 .

(5)

Since the proof is based on the standard energy method, we only show an
outline of the proof. We substitute φn

h into ψh in (3a). Then, the left-hand side
is equal to

1

2∆t
||φn

h||2 −
1

2∆t
||φn−1

h ◦Xn
1 ||2 +

1

2∆t
||φn

h − φn−1
h ◦Xn

1 ||2 + ν||∇φn
h||2.

The right-hand side is evaluated as

(Πhf
n, φn

h) ≤ 1

2

(
||Πhf

n||2 + ||φn
h||2

)
. (6)

Combining these estimates and (4), we have

1

∆t

(
||φn

h||2 − ||φn−1
h ||2

)
≤ ||φn

h||2 + (2c1 + c2
1∆t)||φn−1

h ||2 + ||Πhf
n||2.

Since ∆t ≤ 1/2, the discrete Gronwall’s inequality leads to (5).

Remark 1 The condition ∆t ≤ 1/2 is provisional. In fact, replacing the
estimate (6) by

(Πhf
n, φn

h) ≤ 1

2δ
||Πhf

n||2 +
δ

2
||φn

h||2

for any δ ∈ (0, 1), we can weaken the condition by ∆t < 1/δ. Scheme (3) is,
therefore, unconditionally L2-stable.

Remark 2 The condition (4) is satisfied if u ∈ C0([0, T ]; W 1,∞(Ω)), u = 0 on
the boundary, and ∆t < 1/||u||C0([0,T ];W 1,∞(Ω)). See Lemma 1 and Proposition
1 of [2].

In the computation of the Gaussian hill problem we divided the square domain
into N2 small squares with side length h0(= 2/N), N = 64. Connecting the
diagonals, we got 2N2 triangles. We chose ∆t = h ≡ √

2h0. A sufficient
condition for (4) mentioned in Remark 2 ensures that the domain Ω remains
in itself by the transformation Xn

1 . This sufficient condition is not satisfied
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in our problem because u does not vanish on the boundary. The value of φ,
however, decays exponentially away from x̄(t; xc) as explained in the previous
section, and the value of φh is also negligible near the boundary as observed
from the numerical result. Hence, the inequality (4) is considered to be valid
for φ = φn−1

h , which leads to the stability of the numerical solution. Then,
what is the reason of the instability of the solution in Fig. 3?

In order to perform the scheme (3) we have to treat such terms as (φn−1
h ◦

Xn
1 , ψhi), where ψhi is a base function associated to node Pi. This integration

is divided into the union of integrations over elements K in the support of ψhi.
Although ψhi is a linear polynomial in K, the composite function φn−1

h ◦Xn
1 is

neither polynomial nor smooth. We use the following numerical integration,
which is denoted by Ih(k), k = 1, 2, 3, to the composite convection term in K.
We divide each element into congruent k2 triangles and on the small triangles
we use the numerical integration of the first order. For example, the numerical
integration Ih(1; g) of a function g on element K is

Ih(1; g) =
meas(K)

3
{g(A1) + g(A2) + g(A3)} ,

where Ai, i = 1, 2, 3, are vertices of K. For the solution in Fig. 3 we used the
numerical integration Ih(1). Hence, strictly speaking, it is not equal to the
exact solution of (3), but a solution of a scheme with the numerical integra-
tion. Proposition 1 asserts the stability of the solution obtained by the exact
integration of the composite convection term. So there is no contradiction be-
tween the theory and the numerical result. The instability was caused by errors
brought from the numerical integration. We never encounter such errors in the
conventional finite element method because every integrand on the element is
polynomial, which can be integrated analytically. In Fig. 4 we show the re-
sult using numerical integration Ih(2). We got the solution at t = 2π without
overflow, but the result is not good. Fig. 5 shows the result using numerical
integration Ih(3). The result is much improved, but a difference between Figs.
2 and 5 is still observed. A quantitative discussion is done in the next section.

4 A remedy for the instability

The use of the numerical integration rule Ih(k) with the larger k increases the
stability of the solution of (3) as observed in the previous section, though the
more cost of computation is required. A remedy for the instability is to use
a characteristic finite element scheme of second order in ∆t. In scheme (3)
X(t −∆t) is approximated by the backward Euler method Xn

1 (x) , which is
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Fig. 4. Stereograph of a finite element solution by Ih(2) at 2π

Fig. 5. Stereograph of a finite element solution by Ih(3) at 2π

of O(∆t). We now replace it by the second-order Runge-Kutta method

Xn
2 (x) ≡ x− un−1/2(x− un(x)∆t/2)∆t,

which is of O(∆t2). The characteristics/finite element scheme is

(
φn

h − φn−1
h ◦Xn

2

∆t
, ψh

)
+

ν

2
(∇φn

h +∇φn−1
h ◦Xn

1 ,∇ψh)

+
ν∆t

2
(Jn∇φn−1

h ◦Xn
1 ,∇ψh) =

1

2

(
Πhf

n + Πhf
n−1 ◦Xn

1 , ψh

)
, ∀ψh ∈ Vh

(7)

where J ≡ ∂u/∂x is the Jacobian matrix. The third term of the left-hand side
is necessary for the real second order scheme in ∆t. For the details as well
as the estimate (8) below we refer to [2]. When the P1 finite element space is
used, scheme (7) and (3b) is proved to be unconditionally stable and the error
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Table 1
Relative errors

N F(1) F(2) F(3) S(1) S(2) S(3)

64 X 7.74e-01 2.40e-01 2.82e+00 6.91e-02 5.44e-02

128 X 1.45e-01 1.19e-01 8.39e-02 3.07e-02 2.69e-02

estimate

max{||φn
h − φn||; n = 0, ..., NT} ≤ c(∆t2 + h) (8)

can be obtained, while for scheme (3) the right-hand side of (8) is replaced
by c(∆t + h). Here c is a positive constant independent of ∆t and h. In order
to get O(h) approximate solutions we take ∆t =

√
h in (7) and ∆t = h

in (3). Table 1 shows the relative errors ||φh − Πhφ||`∞(L2)/||Πhφ||`∞(L2) of
the solutions for the rotating Gaussian hill problem by these two schemes.
F (k) and S(k) stand for the first order and the second order schemes in ∆t,
respectively, with the numerical integration rule Ih(k). N is the subdivision
number of each side, and X shows no result is obtained because of overflow.
In scheme (7) there is no overflow, though the result in the case of S(1) and
N = 64 suggests numerical instability. The solutions obtained by S(2) and
S(3) are nearly equal to the exact solution shown in Fig. 2. The errors by
these schemes reduce about by half when N increases from 64 to 128, which
reflects the theoretical convergence rate of O(h).

5 Concluding Remarks

We have shown a numerical example, where discrepancy between theory and
real computation took place. The discrepancy was caused by errors brought
from numerical integration. In the case of a characteristic finite element scheme
of first order in time increment, the damage was large. A remedy to the in-
stability is to use a scheme of second order in time increment, where we can
take a large time increment and suppress the instability caused by numerical
integration errors. A detailed analysis will be given in the forthcoming paper
[3].
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